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Abstract. Let (M, g) be a smooth compact Riemannian n-manifold, n > 3. 
Let also p > 1 be an integer, and Mp(R) be the vector space of symmetrical 
pxp real matrix. For A : M ^ Mp(R) smooth, A = (Aij), we consider vector 
valued equations, or systems, like 

APU + A{x)U = ^Du\uf , 

where U : M —> is a p-map, is the Laplace-Beltrami operator acting on 
p-maps, and 2* is critical from the Sobolev viewpoint. We investigate various 
questions for this equation, like the existence of minimizing solutions, the exis- 
tence of high energy solutions, blow-up theory, and compactness. We provide 
the complete //^-theory for blow-up, sharp pointwise estimates, and prove 
compactness when the equations are not trivially coupled and of geometric 
type. 
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Let (M, g) be a smooth compact Riemannian n-manifold, n > 3. Let also p > 1 
be an integer, and Mp(R) be the vector space of symmetrical pxp real matrix. 
Namely the vector space of pxp real matrix S = (5.^ ) which are such that Sij = Sji 
for all i,j. For A : M ^ Mp(R) smooth, A = (Aij), we consider vector valued 
equations like 

Ap + A{x)U ^ ^Du\Uf , (0.1) 

where U : M — > is a map, sometimes referred to as a p-map to underline the fact 
that the target space is R^, is the Laplace-Beltrami operator acting on p-maps, 
2* = 2n/{n — 2), and Du is the derivation operator with respect to U. Writing that 
U = (ui, . . .,Up), we have that = X^Li IwiP*, that jrDu\U\'^' = {\ui\'^'^^u,)^, 
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and that A^iY = (AgUi),-, where i = 1, . . . ,p, and Ag ~ — divgV is the Laplace- 
Beltrami operator for functions. Another way we can write (|0.1|l is hke in the 
following elliptic system in potential form: 

p 

AgUi + '^Aij{x)uj = ~'^Ui , (0.2) 
i=i 

where the equations have to be satisfied in M, and for alH = 1, . . . ,p. We say the 
system is of order p, and refer to it as a p-system. The system has a variational 
structure. It is also critical from the Sobolev viewpoint since, if is the Sobolev 
space of functions in with one derivative in L^, then 2* is the critical Sobolev 
exponent for the embeddings of Hf into Lebesgue spaces. When p — 1, (|0.2() 
reduces to Yamabe type equations like 

AgU + h{x)u^\u\'^*-'^u , (0.3) 

where /i : Af — > M, ft, = An, is smooth. In the same order of ideas, if A is diagonal, 
then H0.2|l consists of p copies of Yamabe type equations like (|0.3|l with h = An , 
i = 1, . . . ,p. When A is diagonal, the equations are independent one from another, 
and the system is said to be trivial, or trivially coupled. 

Equations like H().l|l generalize the intensively studied Yamabe type equations. 
In this paper we study various questions for 1)0. like the existence of minimizing 
solutions for (|0.1|) . the existence of high energy solutions, blow-up theory, and 
compactness properties of (IU.1|I . Section ^ of the paper is devoted to preliminary 
definitions and remarks on our systems. We insist in this section on some of the 
differences we can find between the scalar case (where p — I) and the vector valued 
case addressed in this paper (where p > 2). A major difference is the lack of 
maximum principle. We exhibit in Section ^ examples of nonnegative solutions of 
systems like (IU.1|) which are not positive. In other words, examples of solutions such 
that the factors of the solutions are nonnegative, nonzero, but with zeros in M - a 
phenomenon which does not occur when p = 1 (where, by the maximum principle, 
nonnegative solutions are either identically zero or everywhere positive) . In Section 
13 of the paper we discuss the variational structure attached to our systems. In 
particular, we prove that if the minimum energy of the system is sufficiently small, 
then the system possesses a minimizing solution (of small energy). The existence of 
high energy solutions is discussed in Section|21 Blow-up theory for our systems and 
for nonnegative solutions is discussed in Sections 01 to |S1 We adopt in these sections 
the dynamical viewpoint (in the sense of the terminology introduced in |23| ') which 
consists in considering sequences of solutions (or Palais-Smale sequences) of families 
of equations and not only sequences of solutions (or Palais-Smale sequences) of one 
given equation (in our case, of families of systems and not of one given system). 
The i/^-theory for blow-up is discussed in Sectional We provide in this section 
a complete description of the asymptotic behaviour of Palais-Smale sequences in 
the Sobolev space Hf p consisting of p-maps whose components are in with 
one derivative in L^. Global pointwise estimates for sequences of solutions are 
discussed in Section |S1 We prove that we can add pointwise estimates to the 
Sobolev asymptotics of the 77f -theory when passing from Palais-Smale sequences 
to sequences of solutions. The notion of L^-concentration, which turns out to be 
important for compactness issues, is addressed in Section In Section [3 we prove 
sharp local pointwise estimates for sequences of solutions. Standard rescaling is 
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discussed in Section|Hl The blow-up theory developed in Sections0]to|Hlis applied in 
Sectioninito get compactness results in the conformally flat case. Roughly speaking, 
we prove that, for conformally flat manifolds, systems like (|0.1|) are compact when 
their coupling does not involve a trivial coupling related to the geometric equation. 

1. Preliminary definitions and remarks 

In what follows we let (Af, g) be a smooth compact Riemannian manifold of 
dimension n >3, p> 1 integer, and A : M ^ Mp(R), A = (Aij), be a smooth map 
from M to Afp(R). We consider systems like 

p 

AgU^ + '^A,j{x)uj ^A\u,f-^u^ (1.1) 
i=i 

in M, for alH = 1, . . .p, where A e K. We let Hf p{M) be the space consisting of 
p-maps U : M ^ W ,U = (ui, . . . , Up), such that the UiS are all in the standard 
Sobolev space Hf{M). Namely, 

HfjAI) = {u = {ui,...,up) , u, G Hl{M) for allz} , 

where (M) is the standard Sobolev space of functions in (M) with one deriv- 
ative in L^. The space ^{M) is an Hilbert space when equipped with the scalar 
product 

i 

where (•,•) is the usual scalar product in Hf{M), the u^'s are the components of 
U, and the Vi's are the components of V. A map U = {ui, . . . ,Up) in ^^{M) 
is said to be a weak solution of if the equations in Hl.l|) are satisfied in the 
distributional sense by the it^'s. By regularity theory (see the proof of Theorem l2.1l 
in Section[2Jl, any weak solution U = {ui, . . . , Up) of U E p{M), is in C^'^ 

for all < 6' < 1 (in the sense that the u^'s are in C^'^ for all i). 

In what follows we say that a p-map U = (ui, . . . , Up) is nonnegative if the it^'s 
are all nonnegative functions (i.e Ui > for all i), weakly positive if the u^'s are all 
positive functions unless they are identically zero (i.e, for any i, either Ui > or 
Ui = 0), and strongly positive if the m^'s are all positive functions (i.e > for all 
i). For short, a p-map is said to be positive if it is either weakly positive, or strongly 
positive. Following standard terminology in the elliptic system literature, we say 
that a matrix S = {Sij) is cooperative if Sij > for all i =^ j- li S : M ^ is 
a map, S is said to be cooperative in M if Sij{x) > for all i ^ j, and all x G M. 
At last, still following standard terminology in the elliptic system literature, we say 
that the system is fully coupled if the index set {1, ■ ■ ■ ,p} does not split in 

two disjoint subsets {ii, . . . , ik} and {ji, . . . , j^/}, k + k' = p, such that Ai^j^ = 
for all a = 1, . . . , fc and /3 — 1, . . . , fc'. When is not fully coupled, up to 

permuting the equations, A can be written in diagonal blocks S : M ^ Af|(]R) and 
T : M ^ Afp_j,(R) for some k < p, like in H1.8() below, and the p-system splits 
in two independent systems. Namely a fc-system with respect to S and a (p — fc)- 
system with respect to T. liU = {ui)i is a solution of and cr is a permutation 

of Sp = {1, . . . then lA = (u„(^i))i is a solution of when we replace the 
Aij's by Aij — A^(^i-j^(^jy Possible references on elliptic systems are De Figueiredo 
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[TT] . De Figueiredo and Ding ^21, De Figueiredo and Felmer ^S]) El Hamidi pTj . 
Hulshof, Mitidieri and Van der Vorst [21], Mancini and Mitidieri Mitidieri and 
Sweers and Sweers [S^ . 

In Remarks 1.1 and 1.2 below we discuss two important examples which show 
that nonnegative solutions of systems like (|l.l|l are not necessarily weakly positive, 
and, in the same order of ideas, that weakly positive solutions of systems like (ll.l|l 
are not necessarily strongly positive. 

Remark 1.1: Contrary to the case p = I, nonnegative solutions of a system like 
(11.11) are not necessarily weakly positive (and thus not necessarily strongly positive 
as well). We may have a nonnegative solution U = {ui, . . . , Up) with one of the Ui's 
non identically zero, but with zeros in M. A possible construction when p = 2 is 
as follows. We let (5", 50) be the unit n-sphere. The Yamabe equation on (5", go) 
reads as 

n(n — 2) ,* -I ,^ 

Ago^+ ^ ^ ' u = u' (1.2) 

and the positive solutions of 11.211 are given by 



(^^^^V^(^'-l)) ' (A-cosd,„(xo,a;))i-* , (1.3) 
where A > 1 and xo G S'". We fix xq £ S"' and let u\ — u^^. Then 

"A=(^^^j +eA (1.4) 

where Ea ^ in C"(S'") as A ^ +00. Let mx — min^n u\. Let also e\ and i.\ be 
the functions given by 

_ u\(x) - mx 

ex(x) = , and 

ux{xj 

exix) = ~ ux{xf^^ + ("^("^ ' 

4 ux[x) 

where x e 5". By ((131), £a ^ and ix ^ in C"(5") as A ^ +00 while, by ifT^ . 
letting = ux — mx and U2 = ux, we easily get that Ux — (^i : ^^2) ^ solution 
of the 2-system 

2 

Aso'«» + Xl^y(2;)wj = \u,f-^u, (1.6) 
j=i 

in S*", for all i = 1,2, if ea^u + ^5^2 = and £a^21 + ^22 = nln^. Let 
^11 = ^(."■^^) ^ Then the 2-map Ux = (u^, U2) is a solution of (|1.()|) for all A, where 
A"^ = (A^j) can be chosen in the form 

and where e\ — > and e'l^ in C°(S'") as A ^ +00. Obviously, u\ — ux — mx 
is nonnegative with one zero (at —xq). In particular, Ux — (wij'^2) not weakly 
positive. However, Ux is a nonnegative solution of the 2-system p.6() . Summarizing, 
we constructed a nonnegative solution of a system like (|1.1() with one factor in 
the solution which is non identically zero, but has zeros in M. This shows that 
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nonncgative solutions of systems like 1)1. 1|1 are not necessarily weakly positive. By 
1)1.7(1 . for A > 1 sufficiently large, A"^ is positive and the operator A^^ + A'^ is 
coercive (cocrcivity is defined in Section |2J). Of course, (|1.6|) is also fully coupled 
since, if not, the maximum principle for functions would lead to a contradiction. 

Remark 1.2: In a similar way, weakly positive solutions of a system like Hl.l|l are 
not necessarily strongly positive. There is of course a trivial construction where 
we create 0-factors by adding "artificial" equations to the system. For instance, if 
U is a solution of Hl.l|l with A = 1, then we may regard the map {U,0), G M, 
as a solution of the system (|1.1|I - H0.3|I we get by adding to Hl.lll one equation like 
()().3(l . In such constructions, the resulting system is obviousy not fully coupled. 
However, there are easy examples of fully coupled systems with weakly positive 
solutions having zero factors (and thus with weakly positive solutions which are 
not strongly positive). To get such examples we may consider a positive solution u 
of an equation like (|0.3|l . and note that U = (u, u, 0) is a solution of Hl.l() with p = 3 
(and A = 1) when the Aij^s are such that Aij = Aji, An + A12 = h, A21 + A22 = h, 
and j4i3 = —^23- For instance, if m is a positive solution of HU.3|I . then U = {u, u, 0) 
is a solution of Hl.lfl with p = 3 and A = 1, when 

(i/i i/i a 
|/i |/i -a 
a —a /? 

h is as in (|0.3() . and a, (3 are arbitrary functions. The system is obviously fully 
coupled when a is nonzero. 

The following lemma, that we will use several times in the sequel, shows that 
the above examples in Remarks 1.1 and 1.2 stop to hold, or reduce to the trivial 
case, when —A is cooperative, respectively when —A is cooperative and the system 
is also fully coupled. 

Lemma 1.1. Let (AI,g) be a smooth compact Riemannian manifold of dimension 
^ ^ 3, p > 1 integer, and A : M ^ Mp(R), A = {Aij), be a smooth map from M 
to Mp(IR). If —A is cooperative, then any nonncgative solution of ^1.1}) is weakly 
positive. If —A is cooperative and is fully coupled, then any weakly positive 

solution of fl.l}) is strongly positive. 

Proof. If — j4 is cooperative, and U — (ui, . . . ,Up) is a solution of Hl.l|) . we can 
write that 

AgUi + AyiUi > Auf 

for all i. Then the classical maximum principle for scalar equations can be applied 
so that either Uj > everywhere in M , or Uj = 0. This proves the first assertion 
in the lemma. Concerning the second assertion, we prove that if —A (or A) is 
cooperative, and U is a weakly positive solution of the system, then A can be 
factorized in blocs with respect to the zero and nonzero components of U. More 
precisely, if we write U = (ui , . . . , Ufc, 0, . . . , 0) with k < p, and Ui > for all i, then 

where S : M ^ M^{M), T : M ^ 7\f^_j.(M), and the O's are nuU matrix of 
respective order k y. {p — k) and (p ~ k) x k. This easily follows from the equations 
Y^j^i AijUj = for alH > fc + 1, so that we necessarily have that Aij — for all 
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i > k + 1 and j < k. The p-system splits into two independent systems ~ a 
fc-system where A is replaced by S, and a (p— fc)-system where A is replaced by T. 
In particular, if —A is cooperative and is fully coupled, any weakly positive 
solution of is strongly positive. □ 

Remark 1.3 below is concerned with the negative case where A < in Hl.l|l . 
With respect to scalar equations (where p = 1) we loose uniqueness but still have 
the a priori L°°-bound. Like when p = 1, the difficult case in equations like Hl.l(l . 
with respect to existence or compactness of solutions, is when A is positive. 

Remark 1.3: There are different behaviour of (|1.1|1 depending on the sign of A. 
In the negative case, when A < 0, the positive solution is known to be unique if 
p — 1. This obviously stops to hold for systems and there are counter examples 
involving only constant maps, and so only algebra. Suppose for instance that p = 2 
and n = 6. Let A > 0, ma = A, wa = A + 1, and wx = (A^ + (A + 1)^)/(2A + 1). 
Let also Aii(A), A22{X), and Ai2{X) = A2i{X) be given by Aii(A) = A22{X) = 
-(3A2 + 3A + 1)/(2A + 1) and ^i2(A) = (A^ + A)/(2A + 1). Then, for any A > 0, 
{u\,v\), {v\,u\), and {wx,w\) are three distinct strongly positive solutions of 
Hl.l|l with A = — 1 and A = ^(A), where ^(A) is the matrix of components Ay (A), 
i,j = 1,2. However, though uniqueness is not anymore true for systems, it is still 
true, like when p = 1, that there is a bound (depending only on A and A) for the L°°- 
norm of positive solutions of the system. If U = (mi, . . . , Up) is a positive solution 
of 1)1. l|l with A < 0, and Xi is a point where Ui is maximum, then AgUi{xi) > and 
we get with the equations in Hl.l|l that 

llu^ll^"^ < t|tPIIoo max \\uj\\oc 
|A| j=l,...,p 

for all i, where || A||oo = max^j- \\Aij ||oo- In particular, there exists C = C(||A||oo, A), 
C > depending only on ||A||oo and A, such that ||ui||oo < C for all i. 

2. Minimizing solutions and variational structure 

By the Sobolev inequality in Euclidean space, there exists K > Q such that 
||m||2* < K\\Vu\\2 for all smooth fimctions u with compact support in IR". We let 
Kn be the sharp constant K in this inequality, so that 



^" = W— — T^. (2-1) 

y n[n — Z)ujn 

where a;„ is the volume of the unit n-sphere. A preliminary claim is that we also 
have that 

E / l^^^l'^^ (2-2) 

for all p > 1, where 7ig„ consists of the maps U = (mi, . . . , Wp), ui : M" R, which 
are such that Ui G D\{R"-) for all i, and X^f^i /r" '^^ = 1' where D\{W^) is 
the Beppo-Levi space defined as the completion of C^(R"), the space of smooth 
function with compact support in M", with respect to the norm ||m|| ~ ||Vu||2. 
When p = 1, (|2.2I) is obvious since it reduces to the basic definition of the sharp 
constant K in the inequahty ||w||2* < -f'^||Vu||2. That H2.2|l is also true for p > 1 
was first noticed by Amster, De Napoli and Mariani Pp. Let Ap be the right hand 
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side in (|2.2|l . Taking U = {u,0,. . . ,0), we easily get that Ap < Ai. Conversely, 
since 2/2* < 1, so that {J2 \ai\)^^^* < J2 k^P^^* , ^ M, we can write that 




2*/2\ 



(2.3) 

'i=i ■ 

and it follows that we also have that Ap > Ai. This proves the above claim that 
H2.2(l is true for all p. Now, wc return to the case of manifolds. For (M, g) a 
smooth compact Riemannian manifold of dimension n > 3, and A : M ^ Mp{M.), 
A = (Aij) smooth, we let 1^ : Hf p{AI) — > M be the functional given by 

{x)uiUjdvg , (2.4) 

where Hf ^{M) is as in Section Let also $ : ^{M) — > R be the functional 
given by ^{U) = J2f=i Im l^iP dvg. The definition of $ makes sense thanks to the 
Sobolev embedding of into . We define gi-^'^) 

,J\,^{M)^ milA{U), (2.5) 

where Ti^j consists of the maps U £ ^{M) which satisfy the constraint ^{U) = 1. 
Let 5* : M ^ K be a function, and Idp be the p x p-identity matrix. We let fig g{M) 
be the infimum /i^/^^^ gi-^)- easy claim in the spirit of (|2.2() is that 

f^SM^jM) = t,ljM) (2.6) 

if S is such that /i^ g{M) > (for instance 5 > 0). In order to prove this claim, we 
first note that, taking = (u,0, . . . ,0) in (|2.5|l . we get that fJsidp,gi^) ^ A^s.g(^^)- 
We assume g{M) > 0. It follows that we also have that /igj^; g(-^-^) — ^- ^''^ 
particular, if ^{M) — 0, then iJ^j^ ~ ^^'^ H2.6|l is true in this case. Let 

us now assume that /ig g{M) > 0. As in (|2.3|l . we may write that 

\ 2/2* 




/ {\VU,\^ + SU^) dVg 

J M 



2*/2^ 



2/2* 



^^'s,aiM) Jm 
p 



^:;^im22 i\^^^\' + su^)dvg 

and we get that Ism^U) > /i^ g(M)$(ZY)2/2* for all maps U G Hl^{M), where Ia 
is given by (|2.4|) , and <I> is as in the definition of TL\j in (|2.5|l . As a consequence 
we get that ^J'gi^^ — g^^)^ ^'^'^ ^^^^ proves the above claim that (|2.ti|l is 

true when fig ^{M) > 0. In particular, if Ag = j^^^Sgldp, where Sg is the scalar 
curvature of g, and if the Yamabe invariant Y[g] (M) of (Af , gr) is nonnegative, then 
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fjJ^ g{M) — Yjg](Af). For instance, if (5", go) is the unit n-sphere, then, similarly 
to (|2.2I) . we can also write that K^^ — fJ^^^ go^*^") ^'^^ P' ^ possible survey 
reference for the Yamabe material we used here is Lee and Parker !331- We refer 
also to Aubin jSj, Hebey |23|, and Schoen 

When fJ-s g{M) < and p > 1, an equation like fJ-^jd^^ g{M) = fig ^{M) stops 
to hold and we do get that /i^j^ s(^^) ^ Msg(-^)- order to see this, we let 
w > be a minimizer for fig g{M), and let U £ Hf p{AI) be the p-map given by 
U = . . . Then ^{U) = 1, where $ is as in the definition of TC^ 

in (ESI, and it follows from that Isidp{l^) = Vs,g(^)- particular, 

A^S/d„g(^'^) < f^sjM) when p > 1 and < 0" 

As in Section ^ we let (Af , be a smooth compact Riemannian manifold of 
dimension n > 3, A : M ^ Afp(M), A — (Aij), be a smooth map, and we consider 
systems like 

p 

AgMj + ^ Ay(a;)wj =A\u,\^*-^Ui (2.7) 
i=i 

in Af, for alH = 1, . . .p, where A e R. We claim here that the following theorem 
holds. The case p = 1 in the result is well known and goes back to Aubin |^ 
and Trudinger (see also Yamabe |SSI)- Note that by considering test functions 
U e Hip{M) for Ia in the form U = {u,0, . . . ,0), we easily get from the p = 1 case 
that fi%g{M) < K-^ for all A and all iM,g). 

Theorem 2.1 (Existence of Minimizers). Let {M,g) be a smooth compact Rie- 
mannian manifold of dimension n > 3, p > 1, and A : M ~f A/p(IR) he a smooth 
map. Assume fi^ gi-^^) ' where /i^ gi-^) given by 1^2.5]) . and Kn is given 

by H^.lp . Then there exists a minimizer U for iJj^g{M). Namely, hi G 7i^^ and 
Ia(PI) — Ma gi-^)' "where Ia is given by {2.4^ , and H^.j is as in 1^2.5}) . In particular, 
lA = (ui, . . . , Up) is a minimizing solution of the system {2.7}) with A = /i^ gi-^)- 
The Ui 's are in C^'^ for all i and < 9 < 1. The solution U can be chosen weakly 
positive if ~A is cooperative in M , and strongly positive if the system is also fully 
coupled. 

Proof. First we prove the existence of a minimizer U for /i^ g (M) when we assume 
that n\ g{M) < K~^. Then we prove the regularity of weak solutions, not nec- 
essarily minimizing, of systems like (I2.7f) . Concerning the existence oiU, we let 
{Ua)a be a minimizing sequence for /i^ g(-^)i and write that Ua = (u^, . . . , u^) for 
all a. Since Ua € Ti-^.j for all a, the u^'s are uniformly bounded in Hl{M) for all i. 
Up to passing to a subsequence, we may therefore assume that, for any i, Ui 
weakly in II^{M), Ui strongly in L'^{M), and — > almost everywhere in 

Af . By the weak convergence in Hf, 

f \Vul\''dvg^ f |V«-u,)l'd«5+ / \Vu,\''dvg + o{l) (2.8) 

for all i, where o(l) ^ as a +00. We also have, for instance by Brezis and 
Lieb |7j, that 

/ KfdVg=[ \ui-U,fdVg+ [ \u,fdVg+0{l) (2.9) 

JM JM JM 
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for all i and a, where o(l) ^ as a ^ +cxd. Moreover, by the sharp Sobolev 
inequality in Hebey and Vaugon |2H1 121] , we can write that 

2/2* 



P / r \ 2/2* 

(2.10) 



for all i and a, where B > Q does not depend on i and a. Then, since hia G Ti^j 
for all a, we get by combining H2.8|l ~ l|2.10|l that 

2/2* 



1-E / kr^«9 

^ -/^^ / (2.11) 

<KlJ2([ \y<\^dvg^ [ \Vu,\'dv,)+o{l) 
1=1 ^"'^f "'^■f / 



for all i and a, where o(l) — + as a ^ +oo. Since lA(Ua) = iJa qi^'^) + '^i^) 



all a, and Ui in L^{M) for all i, we get with (|2.11|l that 

\ 2/2* 

'9 



(^fiP^jM)-lA{U))+o{l) (2.12) 



\ 2/2* 

\u,fdVg] |+0(1) 



for all a, where U is the p-map whose components are the tti's, o(l) ^ as a ^ +oo, 
and we used the equation 



\ 2/2* 



p 

|2* 
H\\2* 



2/2* / p „ \ 2/2* 



/M , 



Noting that 

o^i-(|:/j.,r*..)'%(i-|:/, 

for all a, we get with (I2.12|) that 

Kl^iP^ JM) < 1 ^ E / = 1 • (2.13) 
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In particular, lA G 'H^j, and then, by writing with (|2.13(l that 
,_i \Jm Jm 



= Ia{Uc.) - Ia{U) + 0(1) 



= 0(1) 

we get with H2.8|l that 



[ \V{K-u,)fdvg^O (2.14) 



as a +00. By 1)2. 1411 . — > strongly in Hf{M) for all i, as a — > +oo. In 
particular, Ia{U) = g(-^)' ^'^^ since Z// £ ^ = (^^ii • ■ • jUp) is a minimizer 
for gi^)- If is cooperative, /^(|Z^|) < Ia{1^) where \U\ = (|mi|, . . . , \up\). In 
particular, if —A is cooperative, up to replacing U \>y \U\, we can choose U to be 
nonnegative. Independently, we clearly have that hi is a, weak solution of the system 
(|^ with A = fj.P^ g{M), in the sense that for any $ = (</?!,..., tpp) in 7J^p(M), 
and any j, 

/ {'Vui'Vipi)dvg AijUiipjdvg ^ A\ui\'^ ^'^Ui(pi . (2.15) 

Now we prove the regularity ofU, and more generally of any solution of H2.15(l . Here 
we follow the arguments developed by Trudinger |53j for the Yamabe equation. By 
standard elliptic theory, it suffices to prove that the Mi's are all in L*(M) for some 
q > 2* . For A > wc let F\ and G\ be real functions defined by 

Fx{x) = \x\P° if |a;| < A 



F\ix) = poXP°-^\x\ - (po - l)XP° if not 



and 

Ga(x) = if |x| < A 



(2.16) 



(2.17) 



Ga(x) ^ poX^^p°-^^x\ - (po - l)A2p«-i if not , 
where 2po = 2* and pi = 2* — 1 so that 2po = Pi + 1- For i = 1, . . . ,p, we let also 
"i,A = F\{ui) and uf x = G\{ui) . 

Noting that F\ and G\ in H2.16(l and (|2.17|l are Lipschitz functions, we get that the 
u\ y^^s and ;^'s are all in Hf{M). Independently, we also have that for any a; > 0, 

Fxix) < xP° , Gx{x) < xP' , Fx{xf > xGx{x) 

(o ^a\ 

and F{(x)2 < poG'xix) if x ^ X . 

Taking ipi — uf in H2.15|l . since Ui e (M) for all i, and by H2.18|l . we can write 
that 

/ G'x{u^)\Wu,\''dvg<Ci + \A\ f \u,f-^Gx{u,)dvg (2.19) 
Jm jm 
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for all i, where Ci > does not depend on A. Still by p. 18(1 it follows from ((2.19(1 
that 

- / \^ul^\''dvg < Ci + |A| / \u,f-^Fx{u,fdvg . (2.20) 

Given if > we let 

iji^ = {x s.t. |u,;(x)| < K} and Hfj^^ = {x s.t. \u,{x)\ > K} . 

By Holder's inequality, and the Sobolev inequality for the embedding C , 
namely \\ip\\2* < for all ip e Hf{M), we write that 

\u,f-^Fx{u,)^dvg 

M 



< 



< 



< 



\u^f~^Fx{u^fdvg + / \u,f-^Fx{u,fdvg 



/ „ \ 2/" , ^ 2/2* (2-21) 

\u,f-''Fx{u,fdvg+\ \u,fdvg\ ( Fx{u,fdvg 
Hi \Jhi J \Jm 

lu^f-'Fxiu^fdVg + ^J:;^A^ [ (|V<,P + {Ulxf) dVg , 



IH], JM 

where, since Ui G {M), Si^K = /p2 \ui\^ dvg is such that 

hm ei_K = . 

K—>+oo ' 

We let if > be such that Po^^e-.^ < 1- X> K, 



\u,f-^Fxiu,fdvg < if2(2*-i)i/g , (2.22) 



HI 



where Vg is the volume of Ai with respect to g. Similarly, by 1(2.18(1 . and since 
Ui g (M), there exists C2 > 0, independent of A, such that 

[ulxfdvg < C2 (2.23) 



M 

for aU i. Inserting (j2!2Il)-(|Z2SI) hito (12201), and since K is such that po^^e^" < 1' 
we get that 

/ \Wuix\^dvg<C^, (2.24) 
Jm 

where C3 > is independent of A. In particular, by 1(2. 23(1 . 1(2.24(1 . and the Sobolev 
inequality, there exists C4 > independent of A such that 

{ulxfdVg<C^ 

IM 

for all i. Letting A +00, it clearly follows that the Ui's are all in ^° (M). Since 
Po > 1) we then get that the m^'s are all in L'^{M) for some q > 2*. By standard 
elliptic theory, the m^'s are in C'^'^{M), < < 1, for aU i. This holds for U 
minimizing or not. If we assume that —A is cooperative, see Lemma ll. II in Section 
^ the maximum principle for functions applies. In particular, iiU is minimizing, it 
can be chosen weakly positive since, as mentionned above, up to replacing ii by \U\, 
it can be chosen nonnegative. If the system is also fully coupled, see again Lemma 
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11.11 in Section ^ U is necessarily strongly positive when it is weakly positive. This 
ends the proof of Thcorem l2.1l □ 

In what follows we say that the operator + ^ is coercive if there exists K > 
such that 

Ia{U) > K\\U\\]j.^ 

for all U G p{M), where the norm in the right hand side is the norm of Hf ^{M). 
Define XA{g) to be the infimum of the /a(Z^)'s for U g Hf ^{M), U ^ {ui, . . . , Up), 
such that Jj^ ufdvg = 1. If XA{g) > 0, we can write that 

Ia{U) > elA{U) + (1 - e)\A{9) ^ / ujdvg 

=1 



M 



for all U e Hi p{M), where £ > is such that (1 — e)XA{g)Idp + eA> eldp in the 
sense of bilinear forms, and Idp is the p x p-identity matrix. In particular, + A 
is coercive. Conversely, since the L^-norm is controlled by the _ff^-norm, we easily 
get that XA{g) > if A^ + A is coercive. This proves that A^ + A is coercive if 
and only if XA{g) > 0. Noting that //^ gi^^) > if and only if A^lff) > 0, it follows 
that /i^ gi-^^) > if and only if A^ + yl is coercive. 

When l^A g{M) < 0, the existence of a minimizing solution for l|2.7|) directly 
follows from Theorem 12. II When /i^ „{M) > 0, and thus A^ + A is coercive, there 
are several situations where Theorem 12 . II can be applied. For instance, we get with 
the developments in Aubin ^ that if n > 4 and 

n — 2 

^"(^) < 4(n - 1) ^^^^'^ 

for some i and some x, where 5*^ is the scalar curvature of g, then /i^ gi-^'^) < ^n^- 
We also get that gi^'^) < if Jm ^a'^'^^g < ^n^^g^^ ^'^^ some i, where Vg is 
the volume of M with respect to g, or, by Schoen 0ni> if = 4^~rj^g f^^' some i, 
and the manifold is conformally distinct to the unit sphere. By Theorem 12. II (|2.7|) 
with A = 1 possesses a minimizing solution in such cases. 

Remark 2.1: The above examples involve test maps with no coupling. Namely test 
maps like hi = {ui, . . . , Up) where, given some i = 1, . . . ,p, we ask that Uj = for 
all j ^ i. There are of course several examples where coupling will help decreasing 
the value of Ia- Let for instance (5", 30) be the unit n-sphere, p — 2, and Ac be 
the matrix 

C n(n-2) 
a 4 

where a : S*" — > M is a smooth function. If a = 0, then, with the notations at the 
beginning of the section, Aq — Ag^ and we get that /i^^ go^*^") ^ ^n^- 
other hand, it is easily seen that go^*^") ^ ^ ^' I^ideed, if we let 

Wo > be a minimizer for the Yamabe invariant on the sphere with ||uo||2* = 1, 
there is an entire family of such minimizers (including one constant function), and 
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if we let Ue — {uq, —ea), where e > is small, then, for I a as in H2.4(l . and $ as in 
the definition of in (|2.5|l . 



where 



S" 



So • 

2, 



Taking e > sufficiently small such that Ysri{a)e < 2 a^uodvgg, this proves the 
above claim that go^*^") ^ when a ^ 0. 

Remark 2.2: When p ~ I, minimizers are always positive or negative (since if u is 
a minimizer, then |u| is also a minimizer and we can apply the maximum principle). 
When p > 1, this is not true anymore. However, in several situations, we are still 
dealing with positive solutions of systems like (|2.7|l . Suppose for instance that 
p — 2, and let A, A' be the matrix 

where a, (3, 7 are smooth functions in M, and A is supposed to be such that + A 
is coercive so that ^{A) ^\ ^{M) > 0. For U = {u,v) in H^2{M) we let W 
be given by U' = {u,—v). We suppose that /3 > 0, /3 ^ 0, is nontrivial and 
nonnegative. If Z^o = iuo,vo) is a minimizer for fi{A), then Ia{Uo) < Ia{1^o) ^^"^ 
we get that J^^^ f3uoVodvg < 0. In particular, since /3 > and P ^ 0, Uq cannot 
be strongly positive. Pushing further the analysis, noting that Ia{^) — Ia'{^') for 
all U e Ti-^j, we easily get that Uq is a minimizer for ^i{A) if and only if Uq is a 
minimizer for fJ,{A') = fj,\, g{M). But A' is such that —A' is cooperative, so that 
1^0 1 ~ (l^oM^ol) is ^-Iso 9' minimizer for IJ,{A'). Since we assumed that [3^0, the 
system is fully coupled. It follows that both |uo| a-nd \vo\ are positive functions. 
Summarizing, if /3 < 0, and /? ^ 0, —A is cooperative and the system is fully 
coupled. Minimizers for gi-^^) ^''^ ^^^'^ ^0 — {uq, vq) or Uq = (— uq, —vq), where 
Mo and vq are positive functions in M. Then, up to a positive constant scale factor, 
U = {uo,vo) is a strongly positive solution of the original system 




Conversely, if /? > 0, and /3 ^ 0, minimizers for ^J^\^g{M) are like Uq = {uq, —vq) or 
Uq = {—Uq, Vq), where Uq and vq are positive functions in M . They are not positive 
(neither negative). However we are still dealing with strongly positive solutions of 
2-systems. In this case, up to a positive constant scale factor, U = (uq,vq) is a 
strongly positive solution of the modified system 

j AgUQ + auQ + [3'vq = ul 
1 AgVQ + (3'uq + 7W0 = Wq 



where (3' = —(3. As one can check, the above discussion, and the arguments we 
developed, extend to higher order systems. 
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3. High energy solutions 

Let {M,g) be a smooth compact Riemannian manifold, n > 3. A preliminary 
remark is that there are several ways to construct positive solutions of p-systems 
from positive solutions of g-systems when q < p. Suppose for instance that we have 
two positive solutions of scalar equations like H().3|l . Namely, AgU + hu — v? ~^ 
and AgW -\- kv = ~^ in Af, where h and k are two smooth functions in M . Then 
lA = (u, v) is a strongly positive solution of the 2-system 



as soon as a, /3, and 7 are such that 



Agit + au + /3w = ? 



1 



(3.1) 



(h{x) - a{x)) ^ = {k{x) - 7(x)) ^ 
= /3(a:) 

for all X G Af. In other words, two positive solutions of scalar equations like (|0.3|) 
provide several examples (e.g like a one parameter family w.r.t f3) of 2-systems 
with strongly positive solutions. These solutions, see Remark 2.2 in Section are 
certainly not minimizing if /3 > 0. 

In what follows we discuss particular examples where we do get solutions with 
arbitrarily large energies (Proposition I3.1|l , and multiple solutions with distinct 
energies fProposition l3 . 2|l . For M a smooth compact Riemannian (n— l)-manifold, 
n > 3, and the circle in of radius 1 centered at 0, we let M ^ x M and 
g be the standard product metric on M. For p > I, and A : M ^ Afp(M), we 
consider the system 

p 

AgUi + '^Aij{x)uj = Iwip (3.3) 
j=i 

in M, for alH = 1, . . .p, where {t,x), t e 5^, x G M, is the variable in M. For 
U — {ui, . . . ,Up) a solution of (|3.3|l . we let E{U) be the energy of U given by 
E{U) — J2i=i IWiWl*- We let also = K^"-, where Kn is as in (|2.1() . and let 

I dp be the p x p-identity matrix. If = (ui, . . . , Up) is a minimizer for /i^ 

and /i^ g(^j^) > Oj where g(-^) is defined in 1)2.51) . then = (wi, . . . , Up) is a 
solution of 13.3|l when we let Ui ~ //^ ^(Af)^"^^^/''?!^ for all i. Its energy E{U) is 
such that E{U) < Amin- We prove here that the following result holds. 

Proposition 3.1. Let {M,g) he a smooth compact Riemannian (n — l)-manifold, 
n > 3. For any A > there exist positive real numbers Ki{A) < K2{A) such that 
if A:M ^ M^{M) satisfies that 

Ki{A)Idp < A{x) < K2{A)Idp (3.4) 

for all X, in the sense of bilinear forms, then ^3.3\) in M = x M possesses a 
solution hi of energy A < E(U) < A + Amin- The solution can be chosen weakly 
positive if ~A is cooperative, and strongly positive if the system is also fully coupled. 

Proof. For m > 1, we let 5*^(1/™) be the circle in of radius 1/m centered at 
0. We let Mm = S^{l/m) x M and gm be the standard product metric on Mm- 
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We denote by {t,x) the variable in S^{l/m) x M, and Gm be the subgroup of 
0{2) generated hy z e^^'^l'^z. We regard G™ as acting on M = S*^ x M by 
(i, x) (cr(i), x) for a e Gm- Then M/Gm ~ Mm- We define Bm = -Bo(5m) to be 
the smallest B such that 

\\u\\l<Kl\\S/u\\l + B\\u\\l 

for all u e Hl{Mm)- For t e (0, S,„), and t' = K:^^'^t, we let At = n\,g^ {Mm) with 
the notations in Section [21 It can be proved (see for instance Druet, Hebey and 
Robert (201) that Em exists, that Em > Kj^^^", where Vg^ is the volume of Mm 
with respect to gm, that At is nondecreasing in T, and that At — > K~'^ as t ^ Em- 
For A > we let m = mA be given by m = [A~^„A] + 1, where, for X > Q, [X] is 
the greatest integer not exceeding X. We let also T(A) G (0, Em) be such that 

A < ([A-^A] + 1) At^ (3.5) 

for all r(A) <t < Em- Then we define 

KiiA) = X^'T(A) and K2{A) = R-^Em - 

Let A: M ^ Mp(R) be such that holds for all x G Af , in the sense of bihnear 
forms. Since A does not depend on the variable we may regard A as defined in 
Aim. Moreover, since M is compact, there exist tmin < tmax in {Ki{A), K2{A)) 
such that tminldp < A{x) < tmaxidp for all x, in the sense of bilinear forms. In 
particular, by H2.6|l . we can write that 

mL„,s™ (Mm) < fl%g,^ {Mm) < f^t..,g^ (Mm) - (3.6) 

Since tmax < K2{A), coming back to the very first definition of Em, we do get 
that fJ-t^^^,g^{Mm) < K~'^. Then, by Theorem 12. 11 there exist U = {ui, . . . ,Up) a 
solution in Mm of the system 

p 

+^^ij(^)'^3 = I^A,grr,(Mm)\Ut\'^ ~^Ui 

i=i 

for all i, and such that X^iLi Il^i|l2* ~ 1- The solution can be chosen weakly positive 
if —A is cooperative, and strongly positive if the system is also fully coupled. We 
let Ui be given by 

and Ui be the function in AI such that Ui/Gm = Ui. Then U — {iii, . . . ,Up) is a 
solution of (|3.3|l . and by (|3.5|l and (|3.6|l . its energy 

E{U) ^ m^lP^ gJMm)"/^ 

is such that A < E{U) < A + Amin- This proves the proposition. □ 

Following ideas in Hebey and Vaugon |27| we may also prove existence of several 
solutions of distinct energies in particular cases. For T > 0, and n > 3, let AIt be 
the manifold AIt = S^{T) x 5""^ and gr be the standard product metric on AIt- 
For p> 1, and A : S"~^ A/p(E), we consider the system 

p 

Ag^Ui + ^^Aij{x)uj = "^Ui (3.7) 
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in Mt, for alH = 1, . . .p, where {t,x), t g S^{T), x € 5*"^^ is the variable in Mt- 
We claim that the following multiplicity result holds. Such a result goes back to 
Schoen 48 (see also Hebey and Vaugon "TT) where it was proved when p 1 for 
the Yamabe equation. 

Proposition 3.2. For any integer k > I, and any q > n/2, there exists T(k, q) > Q 
with the property that if T > T(k, q) and A : S"~^ — > Af* (M) is such that 



^ -j;^jldp< Aix) < ^ ' Idp (3.8) 

for all X, in the sense of bilinear forms, then j^. ?| ) possesses k solutions of distinct 
energies in Mt = S^{T) x 5*""^. Moreover, these solutions can be chosen weakly 
positive if —A is cooperative, and strongly positive if the system is also fully coupled. 

Proof. Let t > 0. We know from Hebey and Vaugon |27| that 

^J\u\\l < WWug + (i^^ + i^) ll^lj^ (3.9) 

for all u G Hi{Mt). We fix A: > 1 integer, and let Gq, a = 1, . . . , A:, be fc groups of 
order a like the Gm's in the proof of Proposition l3.1l We let Ga act on Mt, T > 0, 
by {t,x) {a{t),x) for a G Gq. Then Mt/Go = Mt/u- Noting that A depends 
only on the variable in S"""^, we can regard A as defined on all the Mt/oi's- We 
assume that A satisfies (|3.8|l with T = t, t > 0, and let 6'„ = (n - 2)^/4. Then 
= 4(1^-1) Sgt for alH > 0, where Sg^ is the scalar curvature of gt, and it follows 
from the right inequality in H3.8|l . Theorem 12. II and the resolution of the Yamabe 
problem, that there exists a minimizer Ut for /i^ {Mt). Moreover, still by Theorem 
12.11 Ut can be chosen weakly positive if —A is cooperative, and strongly positive if 
the system is also fully coupled. For u £ i^'h), of norm 1 in (Mt), we can 
write with Holder's inequality that ||m||2 < (27rta;„_i)^/", where cJn-i is the volume 
of the unit {n — l)-sphere. By H2.6|l . (|3.8|l . and H3.9|l we then get that 

(1 - F,{t))K~' < f/A,jMt) < , where 

(3-10) 

f ' it^'^' 

Given T > 0, we let UT.a be the minimizer Ut for t = T/a. Then we let UT,a be 
the map on Mt such that UT,a/Ga = UT,a, and 

Wt.o = fi''^g^^jMT/c.)'^UT,c. ■ 

It is easily checked that Wt.o is a solution of (|3.7fl in Mt for all a, and that the 
energy E{'WT,a) is such that 

EiWT.^r^'' = a"-ixX^^jMT/o.) ■ (3.11) 

In particular, it follows from and (|XTT|) that E{WT.a-if''" < E{WT.af''' 

for aU a = 2, . . . , fc if Fq{T/a) < (a^/" - (a - 1)^/") a^^/" for all a = 2, . . . , A:. 
Since q > 2/n, such inequalities are satisfied for T > T{k, q) sufficiently large, and 
we get k solutions Wt.o of (|3.7|l in Mt with distinct energies. This proves the 
proposition. □ 



F,(i) = (2.c.„_i)'/«i^^fi + -L]i2A 
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4. The iJj^-XHEORY for blow-up 

In what follows we let (M, g) be a smooth compact Riemannian manifold of 
dimension n > 3, p > 1 integer, and {A{a))^, a S N, be a sequence of smooth maps 
A{a) : M M^{R). We let A{a) = (Ag), and consider systems like 

p 

Agu, +^ = \u,f-\^ (4.1) 

in M, for all i = 1, . . .p. We assume in what follows that the A(a)'s satisfy that 
there exists C > 0, independent of a, and a continuous map A : M ^ Mp(R), 
A = (Aij), such that 

\Y,A^i^)X^X,\<CY,(X.)^ , and 

* (4.2) 

A^j Aij in L^(M) as a ^ +oo , 

where the first equation in 1)4. 2|l should hold for all a, x G M, and X — {Xi, . . . , Xp) 
in M.P, and the second equation in 14.211 should hold for all We denote by la^p 
the functional defined for U = {ui, . . . , Up) in Hf p{M) by 



A^jUiUjdvg 



1 ^ 

0* E 



(4.3) 



|2 



We say that a sequence {Ua)a in Hlp{M) is a Palais-Smale sequence for H4.1|l . or 
for /a,p, if the Ia.p{UaYs are bounded with respect to a, and DIa,p{Ua) — * in 
H^p{M)' as a ^ +00. The Palais-Smale sequence is said to be nonnegative if the 
components of Via are nonnegative functions. For {xa)a a converging sequence of 
points in M , and {pa)a a sequence of positive real numbers converging to zero, we 
define a 1-bubble as a sequence {Ba)a of functions in M given by 

^^^a+ n(n-2) 

The referred to as the centers and the 's as the weights of the 1-bubble 

{Ba)a- We define a p-buhhle as a sequence (^0)0 of p-maps such that, if we write 
that Ba — {B^, . . . , B^), then {Bl^)a is a 1-bubble for exactly one i, and for j ^ i, 
{B^)a is the trivial zero sequence. In other words, a p-bubble is a sequence of p- 
maps such that one of the components of the sequence is a 1-bubble, and the other 
components are trivial zero sequences. One remark with respect to the definition 
(lOI) is that if u : R" ^ R is given by 

u{x)=(l + ^^) ' , (4.5) 
\ n{n — 2) / 

then u is a positive solution of the critical Euclidean equation Au — where 
A = — J29^/9xj. More precisely, u is the only positive solution of the equation 
in R" which is such that u(0) = 1 and u is maximum at 0. All the other positive 
solutions of the equation Au = in R", see Caffarelli, Gidas and Spruck jHj 
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and Obata then given by u{x) ~ A'-"^^^/^u (A(x — a)), where A > and 

a E M". Another remark with respect to the definition (|4.4() is that the Ba^s in 
()4.4|) hve on balls centered at Xa and radii of the order of y^Tv- Indeed, an equation 
like Ba{x) > C is equivalent to dg{xa,x) < C'y/JI^, where C, C" > 0, and we can 
write that for any R > 0, 



inf ^ Ba{x) = ( 52 — ) + , and 



sup Ba{x) 



n{n - 2) 



(4.6) 



where the sequence (Eq) is such that ^ as a ^ +cx3. In particular, the B^s 
converge to in M\Bx^{Ray/Thi) if Ra — ^ +oo as a — + +oo. On the other hand 
(see, for instance Druet and Hebey the Bq's in (|4.4|l consume their Hf-norm 

on balls centered at Xa and radii of the order of fia ■ We sometimes refer to ^/JI^ 
as the C°-range of interaction of {Ba)a, and to as the if^-range of interaction 

of {Ba)a- 

Since we assumed that (|4.2|) holds, there is a limit system for H4.1(l . The limit 

system writes as 

p 

AgUi + (x)uj = \Uif ~'^Ui (4.7) 



in M, for all i = 1, . . . p, where the Aj^'s are as in (|4.2|l . We let /oo,p be the 
functional defined ior U — (ui, . . . , Up) in Hf ^{M) by 

- 1 A/ - ■ 1 A'/ 



AijUiUjdvg 



*j'=i 



1 P 
2* ^ 



(4.8) 



u, 



M 



9 ■ 



We prove in this section that the following result holds. The case p = 1 goes 
back to Struwe [ST], with related references by Brezis and Coron 6 , Lions [55] . 
Sacks- Uhlenbeck Schoen |2H|i and Wente Theorem 14. II fuUv answers the 
question of describing the asymptotic behaviour of Palais-Smale sequences for (|4.1|) 
in terms of Sobolev spaces. 

Theorem 4.1 (iJ^-Theory). Let (M,g) he a smooth compact Riemannian manifold 
of dimension n > 3, p > 1, and { A{a))^, ^(o:) • M Mp(M) , a sequence of smooth 
maps satisfying ^^). Let also {Ua)a be a nonnegative Palais-Smale sequence for 
Ii4-l{ l- Then there exists a nonnegative solution U'^ of the limit system j^.7| ), there 
exists k £ N, and there exist p-bubbles {Bj^a)a. j = l,...,k, such that, up to a 
subsequence, 

k 

Uc,=U" + Y^ + ^« (4.9) 

for all a, where {TZa)a is a sequence in ^{M) converging strongly to in ^{M) 
as a +00. 
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Let Ucc = [ui, <), U° = (u?, . . . , uO), and 7^„ = [Ri, Rl). Another way 
we can write the TJj-decomposition H4.9|l is that for any i, 

ki 

K = v^ + Y.Bl^ + R^, (4.10) 

where the /c^'s are nonnegative integers such that X^iLi — possibly ki = Q for 
some i = 1, . . . ,p, and the (i?*^)Q's are the 1-bubbles from which the p-bubbles 
{Bj,a)aS in H4.9|l are defined. 

In addition to 14.9|l . we also have that the energy of the Ua's, split. Namely we 
can write that for any a, 

laA^^) = Ioo,pi^°) + ^^n " + 0(1) , (4.11) 

where Kn is as in H2.1() . /q,_p is as in (|4.3() . /oo,p is as in H4.8I) . and o(l) 
as a ^ +00. Note that for {Ba)a a p-bubble, Ia.p{Ba) — n^^K^" + o(l). An 
independent remark is that if —A is cooperative, then U'^ is weakly positive, and 
if —A is cooperative and the limit system (|4.7|l is fully coupled, then either W is 
zero, or it is strongly positive. 

Let 77 : M" 0<ry< 1, be a smooth cutoff function such that 77 = 1 in 

B[){5), and 77 = in R"\i3o(25), for (5 > small. In what follows we say that a 
sequence of functions {Ba)a, : M ^ M, is a generalized 1-bubble if we can write 
that 

i3a{x) ^ {Ra)^-qa{x)u{Raeyi^~l{x)) , (4.12) 

where u ^ is a solution in R" of the critical Euclidean equation Am = |up 
{Ra)a is a sequence of positive real numbers such that Ra —> +00 as a — > +00, 
{xa)a is a converging sequence of points in M, and rja = rj o exp~J. The Xa's are 
referred to as the centers and the RaS as the weights of {Ba)a- If u is positive, 
see for instance Druet and Hebey JHIj generalized 1-bubbles are like 1-bubbles in 
the sense that for any {Ba)a there exists {Ba)a such that B^ = B^ + Ra foi' all a, 
where Ra in H^^M) as a ^ +00. 

Proof. We prove Theorem 14.11 by coming back to the well understood p = 1 case. 
Let {Ua)a be a nonnegative Palais-Smale sequence for 14.111 . As above, we write 
that Ua = (u^, . . . , ). First we claim that 

the sequence {Ua)a is bounded in Hlp{M) . (4.13) 

In order to prove (|4.13() . we start noting that the equation 

p . p . 

DIaAUa).Ua = V/ |V<prfw<,+V/ 



P 



{<? dVg , 

M 

and the equation DIa,p(Ua)-Ua — o (^Wl^aWn^ ^ , give that 

IaA^o.)^-Yl / {ulfdVg+o(\\Ua\\Hf) 



i=l 
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By the definition of a Palais-Smale sequence, \Ia,pipla)\ < C, where C > is 
independent of a. Hence, 

E/ {ulf^dvg<C + o(\\U^\\Hi\ . (4.14) 

where C > is independent of a, and by Holder's inequahty, we can also write that 

E / {v^^fdv,<C + o(\\U^\\%r) , (4.15) 
where C > is independent of a. By H4.14|l . 

2 P /■ 
^ Jm 



1=1 

<C + o(\\Ua. 



(4.16) 



where C > is independent of a. By H4.2|l we can write that 

i=l •'M ^,^1 ./A/ 

and we easily get that the Ua 's are bounded in ^ [M] by combining the above 
equation with H4.15|l and (|4.1t)|l . This proves H4.13|l . Now we let /p be the decoupled 
functional defined for U — (ui, . . . , Up) in Hf ^{AI) by 

^p(^) = ^E/ \^^^?dVg-Y.jl I Wrfdv,. (4.17) 

By H4.13(l . up to passing to a subsequence, we may assume that lAa l^^ weakly in 
Hi p{M), that Ua — > strongly in Lp{M), and that Ua U^ almost everywhere, 
where — (u°, . . . ,Up) is some map in i7^p(M), the convergences have to be 
understood as a ^ +oo, and the convergence in Lp{M) means that —^ in 
L'^{M) for all i. In particular, U''^ is a nonnegative p-map. We let Ua = Ua — U''\ 
and = — for i = 1, . . . ,p. Now we claim that 

U'^ is a nonnegative solution of the limit system 1)4. 7fl , 

{Ua)a is a Palais-Smale sequence for /p , and (4.18) 

Ip{Ua) = Ia,p{Uc,) - Iao,p{^°) + o(l) for aU a , 
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where o(l) as a ^ +00. In order to prove H4.18|l . we first observe that if 
$ = {(pi,...,LPp), then 

p 



i=l •'M ij = l •'M 

-ill {<f-\^dv. 



P r (4.19) 

a 



= o{l) , 

where o(l) ^ as a ^ +00. By g^, Af^ in L«(M) for all g > 1 and all 

I, j, as a — )■ +CX). Then, by Holder's inequality, and H4.13() . we can write that 

,^5 - U^<\V3\dva < IKII2* \\A^ - A,\\^ W^jh 

=«(1), 

where o(l) ^ as a ^ +00. Combining (|4.19() and 1)4. 20() . passing to the limit as 
a +00, it easily follows that 

p P P 

Since $ is arbitrary, this proves that is a nonnegative solution of the limit system 
(j4.7|l . Now we compute the energy of Ua ■ We write that 

ATj«dvg - [ A,,uy^dvg 

M JM 

(^r^. ~ A,,) uluidvg + I « - u'^d<dvg (4.21) 

M JM 
JM 

for all a, and all i, j. By H4.2() . as already mentionned, Af^ Aij in L'^{M) for all 
g > 1 and aU In particular, Af^ A,j in L"/2(M), and by and igTTSIl, 
we get with H4.21|l that 

j2 I ^«d:vg - E / A.,,uS',dvg + 0(1) , (4.22) 

ij = l = l JM 

where o(l) — )■ as a ^ +00. Since uj^ ^ in 

V<|2d«,= / \\/u'^\^dvg+ [ \^ul\'dvg + o{l) (4.23) 



for aU a and z. By H4.22|l and H4.23|l . we then get that 

1 
2 



Ic.A^a)=IooA^°) + Ipi^o.)-^l lCc.dvg + o{l) (4.24) 



M 



for all a, where o(l) — > as a +00, and 

p 



i=l 
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Noting that there exists C > 0, independent of a, such that 

p 



dVa 



for all a, and that, by basic integration theory, 



M 



= and / \u^f'^\v}Jdv, = o{l) 



M 



for all a and i, we get with (14.2411 that 

Upi^o) = IooA^°) + Ipi^c) + 0(1) 

for all a, where o(l) — > as a ^ +oo. This proves the third assertion in (|4.18(l . It 
remains to prove the second assertion, namely that {Ua)a is a Palais-Sniale sequence 
for Ip. Let $ — {ipi, . . . , ipp) be given in Hf ^{M). With similar arguments to those 
used above, and thanks to the Sobolev inequality, we can write that 

for all a. In particular, since U'^ is a solution of the limit system H4.7|l . we can write 
that 

(4.25) 



for all a, where 



Noting that there exists C > 0, independent of a, such that 
\lCt\dv, < 



M 



M 



\i |2*-2l,0 



< 



i=l 



2*/(2*-l) 



2V(2*-1) 



for all a, and that, by basic integration theory. 

= o(l) and 



2V(2*-1) 

for all a and z, we get with 



2*/(2*-l) 

and the Sobolev inequality that 



= o(l) 



DI^AU^).<i> = DIpiU^).<i> + o J 



Since (Ua)a is a Palais-Smale sequence for Ia,p, we get that {Ua)a is a Palais-Smale 
sequence for Ip. This proves H4.18|) . For U = (ui, . . . , Up) and $ = ((^i, . . . , (pp), 
we clearly have that DlpiU).^ — X^iLi DIi{ui)-'Pi- Then an easy remark is that 
{Ua)a is a Palais-Smale sequence for Ip if and only if for any i, the sequence {u]^)a 
is a Palais-Smale sequence for Ii . We may therefore apply the result in the p — 1 
case to the {u^^)aS (see, for instance, Druet, Hebey and Robert [20] or Druet and 
Hebey ^S] for a presentation of the p = \ case in the Riemannian setting). In 
particular, we get from this result in the p = 1 case that for any i, there exists ki 
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integer, and generalized 1-bubbles {B]_a)a as in (|4.12|l . j ^ 1, . . . ,ki, such that, up 
to a subsequence, 

ki ki 

< = E^xa + and hiu^J = ^i?/^) , (4.26) 

where o(l) ^ as a ^ +oo, itj is the nontrivial solution of Au = |up from 
which the generalized 1-bubble {Bj is defined, namely 

with notations like in H4.12|l . and Ef{u) — i \Vu\'^dx— ^ J^^^ \u\'^* dx . We define 
uj- „ : Bo (Sfi^^) -^R,S>0 small, by 

where ^ = (i?* Then, see, for instance, Druet, Hebey and Robert j^Olj we 

also have that, up to a subsequence, ^ a.e in R" as a ^ +oo. This holds 

for alH = 1, . . . ,p, and all j = 1, . . . , ki. Let : Bq (<5^^ ^ M be given by 

Noting that „ ^ a.e in R" as a — > +oo, and since > for all i and all a, 
it follows that > for all i = 1, . . . ,p, and all j = 1, . . . , fc^. By the maximum 
principle for scalar equations, we then get that > for all i = 1, . . . ,p, and all 
j ~ 1, . . . , ki. As already mentioned, this is a situation where generalized 1-bubbles 
are like 1-bubbles. In particular, for any i — I, . . . ,p, and any j = 1, . . . ,ki, there 
exists a one bubble {Bj^^)a such that B^^^ — B^^^ ^'^^ where Rj^^ 

in Hf{M) as a "> -f-oo. In other words, we may replace in (|4.2()l) the generalized 
1-bubbles {BlJa by 1-bubbles {B^J^, and letting k = X^Li "^'^ S^t that 
follows from K^ . By noting that Ef{u) = K-^-fn when M is a positive solution 
of Au = where Kn is as in H2.1|) . we also get (I4.11f) with (|4.18|) and H4.26|l . 

This ends the proof of the theorem and of the remark after the theorem concerning 
the splitting of the energy. □ 

The weak limit and k are clearly invariants of the decomposition (|4.9|) in 
Theorem 14.11 Let ki be the number of p-bubbles {Bj^a)a's which are such that 
the ^'''-component of {Bj^a)a is a 1-bubble. As we easily get from the proof of 
Theorem 14.11 k = X]r=i and the fc^'s are also invariants of the decomposition 
(|4.9I) . Uniqueness conditions for decompositions like l|4.9|) are known in the p — 1 
case. They can be found, for instance, in Druet and Hebey ^Hl- Thanks to these 
conditions, an additional result we easily get from the above proof is that if we 
write two decompositions (|4.9|l with respect to two families {Bj^a)a and {Bj^a)a of 
p-bubbles, then, up to renumbering, for any i = 1, . . . ,p, and any j = I, . . . ,ki, 

y I and > 

as a ^ -l-oo, where the a:* ^^'s and /i* -^'s (resp. the i*^'s and Aj^q's) are the centers 
and weights of the 1-bubbles {Bj^^)a (resp. {Bj_^)a) from which the {Bj,a)a's (resp. 
0j,a)as) are defined. We also get from the proof of Theorem 14.11 and structure 
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conditions wc know to hold in the p = I case, that for any i = 1, . . . ,p, and any 
ji , j2 — 1 , ■ • ■ , , the structure equations 



J2,a 



hold as a ^ +oo when ji ^ j2- An independent result we get from the proof of the 
theorem is that, up to replacing p-bubbles by generalized p-bubbles. Theorem 14.11 
still holds if we do not assume that the Ua's are nonnegative, where, following the 
definition of a p-bubble, we define a generalized p-bubble as a sequence of p-maps 
such that one of the components of the sequence is a generalized 1-bubble, and the 
other components are zero. 

An easy consequence of Theorem 14. II is the -theory for blow-up (Corollary 
14.11 below) where the blow-up phenomenon is described as a sum of Dirac masses 
in the -Lebesgue's space. The Dirac masses in Corollary 14.11 arc the limits of 
the {B^j^^Y 's as a — > -l-oo, i = 1, . . . ,p, j = l,...,ki, where the {B^j^^)aS are 
the 1-bubbles in the i7^-decomposition (|4.1U|) following Theorem 14. II More direct 
proofs of Corollary 14. II can be giyen. 

Corollary 4.1. Let (Af , g) be a smooth compact Riemannian manifold of dimension 
n > S, p > 1, and {A{a))^ a sequence of smooth maps A{a) : M — s- Mp(M) 
satisfying \4-^ - Let also {Ua)a be a nonnegative Palais-Smale sequence for \4-l\j - 
For any i — 1, . . . ,p, up to a subsequence, 



{<f ^ [ulf ^Y.^)5^) (4.27) 



weakly in the sense of measures as a ^ +oo, where lA^ ~ (u^, . . . , u^) is a nonneg- 
ative solution of the limit system j4.7| ); k[ is an integer, the 's are points in M , 
and the 's are positive real numbers, j ~ 1, . . . , fc^. 

Proof. By Theorem 14.11 up to a subsequence, we may assume that (|4.9f) and (|4.1U|) 
hold for the Ua^s. For i — 1, . . . ,p, we let Si be the set consisting of the limits as 
a +00 of the centers ^ of the 1-bubbles {Bj in 14.10|1 . Then we let k'^ be 
the number of points in Si, and let the 's, j = 1, . . . , k[, be the points in Si. We 
haye that /c^ < ki, and it might be that k'^ < ki since distinct sequences may have 
the same limits. It might also be that /c^ = 0, and hence that S'i = for some i. Let 
(5o > be such that 2So is less than any distance between two distinct points in 5"^ 
(when k'j^ > 2). Since Palais-Smale sequences are bounded in H^p{M), see (I4.13f) 
in the proof of Theorem 14. II and by the Soboley embedding theorem, the u^'s are 
bounded in (M). In particular, up to a subsequence, we may assume that for 
any i, and any j — 1, . . . , /c^, there exists A* such that 

hin / {<fdv,= [ {u',fdVg + X). (4.28) 

3 3 
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We fix i and j, and let {B'j be a 1-bubble in (|4.1Q|I such that its centers x'j ^ 
converge to as a +00. With the notations in H4.1()|l . we can write that 



> / (^0)2 dVg + / J2 dVg + 0(1) 



J j 

where o(l) ^ as a +00. Combining H4.28|l and l|4.29|l . noting that the L^*- 
integral of the 1-bubble {B^ in the right hand side of (|4.29l) goes to if^" as 
a +00, where Kn is as in H2.1|l . it follows that Aj > for all i = 1, . . . ,p and all 
j = 1, . . . ,k'^. Let Bi{S) be the union from j = 1 to k'^ of the geodesic balls B^i (S), 

< S < So- By ul M° in i^* (M\B^{S)) for aU J > 0. In particular, for 

any S e (0, 60), any i = 1, . . . ,p, and any j = 1, . . . , /c^, 

/ {u° fdvg + o{l) , (4.30) 

i j j j 

where o(l) — > as a ^ +00. Let / G C°(M) and « = 1, . . . ,p. Given e > 0, let 
also S e (0, So) be such that \ f{x) - /(xj)| < e if dgix'j^x) < S, j ^ 1, . . . ,k'-. We 
can write that 

/ - dv.^Y. f i«f - ^^^^ + ''(1) ' (4-31) 

where o(l) ^ as a ^ +00, and, by (|4.28|1 and (|4.3U|) . we can also write that 

X^fix)) -Ce< [ f («)2* - (u^)2*) dvg < A;./(x;) + Ce (4.32) 

3 

for all a and all j = 1, . . . , /c,^, where C > does not depend on a, e, z, and j. Since 
e > is arbitrary, and / G C°(Af) is arbitrary, we get with (|4.31|l and H4.32|l that 
(I4.27|l is true. This proves Corollarv l4.1l □ 

5. POINTWISE ESTIMATES 

In what follows we let (M, g) be a smooth compact Riemannian manifold of 
dimension n > 3, p > 1 integer, and (A(a))^, a G N, be a sequence of smooth maps 
A[a) : M ^ M^{R). We let A{a) = (A^^), and consider systems like 

p 

Agu,+J2^?ji^)uj - \u^f-^u, (5.1) 

in M, for all i = 1, . . .p. We assume in this section that the j4(a)'s satisfy that 
there exists a C°'^-map A : M M^{R), A = (Aij) and < 6* < 1, such that 

Af^- ^ Ay inC°'^(M) (5.2) 

for all i,j as a ^ +oo. In particular, (|4.2|l is satisfied. A sequence {Ua)a is said 
to be a sequence of nonnegative solutions of H5.1|l if, for any a, Ua is a nonnegative 
solution of H5.1|l . Clearly the sequence is a Palais-Smale sequence for (|5.1|) when 
(and, actually, if and only if) it is also bounded in Hf .p{M). We prove in this 
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section that passing from Palais-Smale sequences to sequences of solutions we can 
add pointwise estimates to the description in Theorem 14. II The main result of this 
section is as follows. 

Theorem 5.1 (Pointwise Estimates). Let [M, g) be a smooth compact Riemannian 
manifold of dimension n > 3, p > 1, and {A{a))^ a sequence of smooth maps 
A(a) : M Afp(M) satisfying f5.ij)) . Let {lAa)a be a bounded sequence in ^{M) 
of nonnegative solutions of 1^5. Ln addition to the decomposition i4.9\) in Theorem 
\41[ there exists C > such that, up to a subsequence, 



(min dg{x) x) 



Y,{ul,{x)-u^Mf <C (5.3) 



for all a and all x € Af, where U'^ is as in i4.!J\) , Ua = {u^, ■ ■ ■ j1*q) for all a, 
the 's are the components of , and the a;* ^ 's are the centers of the 1-bubbles 
{B].a)a in \4-iO^ from which the p-bubbles {Bj,a)a 's in are defined. 

Proof. Let be the function such that ^a{x) is the minimum over i,j of the 
dg{x'j Q,,a;)'s, where x G M, and let '^a be the function 



= . j]M^„(a:)2$„(a:)^ . (5.4) 

In order to prove H5.3() . it suffices to prove that (^'a)a is bounded in L°°{AI). We 
proceed by contradiction. We let the y^s be points in M such that the ^^q's 
are maximum at ya and '^aiva) +oo as a ^ +oo. Up to a subsequence, we 
may assume that u^(ya) > ul^{ya) for some io = and all i. We set 

fi^ — w„°(i/q)~^/^"^^^ Then ^ as a — > +oo, and by H5.4|l we also have that 

> +00 (5.5) 

for all i,j, as a ^ +oo. Let 5 > be less than the injectivity radius of {M,g). For 
i — 1, . . . ,p, we define the function in _Bo((5/i~^) by 

Tl-2 

Wa(a;)=Ma' K {(^^Py^il^aX)) , (5.6) 

where Bo(6ijL~^) is the Euclidean ball of radius S^~^ centered at 0, and exp^^^ is the 
exponential map at ya- Given R > and x E Bo{R), the Euclidean ball of radius 
R centered at 0, we can write with (|5.4|l and (|5.t)|l that 

$Q (expy^(^aa;)) ^ 
for all i, when a is sufficiently large. For any i,j, and x G Bo{R), 
dg {x) ,^,expy^ il^ax)) > dg {x)^a,ya) - Rfla 

when a is sufficiently large so that, by H5.5|l . the right hand side of the last equation 
is positive. Coming back to H5.7|l . thanks to the definition of the j/q's, we then get 
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that for any i, and any x G Bo{R), 



*a (exPy^(Aiaa;))^ (5 

71-2 



when a is sufRciently large. In particular, by ()5.5|l and H5.8|l . up to passing to a 
subsequence, the w^'s are uniformly bounded in any compact subset of R" for all 
i. Let Vq = (w^, . . . , wg). The Vq's are solutions of the system 

Ag„<+EM^4>^ = Kf-\ (5.9) 

where 

Afj{x) = Ag- (expj^^(/x„a;)) , and 

ga{x) = (exp*^ g) {^ax) . 

Let ^ be the Euclidean metric. Clearly, for any compact subset K of M", Qa ^ £, 
in C^{K) as a ^ +oo. Then, by standard elliptic theory, we get that the w^'s 
are uniformly bounded in Cf^^{M.'"^) for all i, where < 9 < 1. In particular, up 
to a subsequence, we can assume that Vi in Cf^^^RJ^) as a ^ +oo for all i, 

where the w^'s are nonnegative functions in C^(M"). The w^'s are bounded in K" by 
(|5.8|) . and such that Wio(O) = 1 by construction. Without loss of generality, we may 
also assume that the Vi's are in I?^(R") and in L^*(R") for all i, where I?^(R") is 
the Beppo-Levi space defined as the completion of (75*^(111"), the space of smooth 
function with compact support in M", with respect to the norm ||7i|| = ||Vm||2. We 
let V = (vi, . . . ,Vp). According to the above, V ^ is nonnegative and nonzero. 
For any i, and any i? > 0, 

It follows that for any i, and any i? > 0, 

/ {ulfdvg=[ iv.fdx + ERia), (5.10) 

where ei?(a) is such that lim^, limo, efl(a) = 0, and the limits are as a ^ +oo and 
R +0O. Thanks to the decomposition H4.9|) in Theorem 14.11 see also H4.10fl . we 
can write that for any i, and any i? > 0, 



L 




where i?^ ^ in Hi(M) as a — > +oo. In particular, we get that for any i, and 
any i? > 0, 

/ {ul,fdvg<Cj2[ (BU^* dvg + 0(1) , (5.11) 

JBy^iRp.^) j=i''By^(Rti^) 
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where o(l) ^ as a — > +00, and C > is independent of a, i, and R. Now we 
claim that, thanks to (|5.5(l . 



hm / {Biy dv, = (5.12) 

for all i? > and all In order to prove H5.12|l . we distinguish two cases. In what 
follows we fix i? > 0, i, and j, and let the /ij-^'s be the weights of the 1-bubbles 
{Bj In the first case we assume that for any R' > 0, up to a subsequence, 

for all a. Then, 
Noting that 

where liuii^j lima e^/ (a) = 0, and the limits are as a ^ +00 and R' — *■ +00, we 
get that H5.12|l is true in this case. In the second case we assume that there exists 
R' > such that, up to a subsequence, 

ByARf^o.)f]B,.JR'filJ^?) 

for all a. Then 

and it follows from IjS.Sfl that /i^ = o(Mj-,a) ^^"^ ^s(^j,a'2/a) = 0{nj^). Writing 
that 

ByjRn^) c exp^>^ {t^lo^B,^ (CA„)) , 
where Za = — r— exp~^ converges in R" (up to a subsequence), C > 1 is 

independent of a and R, and — Rfia/ fJ-] q, we then get that 



Ib, 



[BU^ dVg < I dVg^ , 



iBy^(Rti^) JB,^{CA^) 

where u is given by (|4.5|) . and ga is the metric given by gaix) = (^exp^i (^j ^x). 
Since = o{iiY^), we have that 



L 



dvg^ — 0(1) 



and this proves (|5.12|) in this case. In particular, H5.12|l is true, and coming back 
to H5.10|l and H5.11|l . we get that, for any i, and any i? > 0, 

{v^fdx^enia), (5.13) 

where £/?(«) is such that lim/j lima £rX'^) — 0, and the limits are as a ^ +00 and 
R — > +00. Letting a —> +00, and then R — > +00, this implies that Jjj„ (vi)'^ dx ~ 
for all i. Since V ^ 0, we get the desired contradiction. The theorem is proved. □ 
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Let {Ua)a be a bounded sequence in Hf p{M) of nonncgative solutions of H5.1|l . 
Up to passing to a subsequence, the decomposition (|4.9|l in Theorem 14.11 and the 
estimate H5.3f) of Theorem 15.11 are satisfied by the U^s. We let Sgeom be the set 
consisting of the limits of the a;*^'s, where the x'j ^'s, are the centers of the 1- 
bubbles (-B]_ct)a in (|4.10() from which the p-bubbles {Bj^a)aS in H4.9I) are defined. 
Let Ua = {u]^, . . . Easy consequences of Theorem 15. II are that Sgeom 7^ if 

and only if the sequences (m^)^ are not all bounded in L°°{M), but also that the 
sequences (■u^)a are all bounded in L^^{M\Sgeom), i — 1, • ■ • From (|5.1|l . and 
by standard elliptic theory, it easily follows that 

v^^ ^ u'l in Cl,{M\Sg,o..) (5.14) 

as a +00, for all i, where the u^'s are, as in (|5.3|) . the components of in 14.9|l . 
The points in Sgeom are referred to as the geometrical blow-up points of the sequence 
{Ua)a- Needless to say, since different sequences may have the same limits, Sgeom 
may consist of any number m < of points, where k is the number of p-bubbles 
involved in (|4.9() . We say that the sequence {Ua)a blows up when Sgeom 7^ 0- 

An important complement to Thcorcm l5.1l is given by the following lemma. 

Lemma 5.1. Let {M,g) be a smooth compact Riemannian manifold of dimension 
n> i, p > 1, and {A{a))^ a sequence of smooth maps A{a) : M M*(M) satisfy- 
ing ^5.^1 . Let {lAa)a be 1 bounded sequence in ^{M) of nonncgative solutions of 
i5.1\) . In addition to the decomposition in Theorem \4-.l\ and to the estimate 

\5.!J\) in Theorem \5.U there also holds that, up to a subsequence, 



lim lim 



sup 



(mindg(x}^„,x) 



j](uj,(x)-uO(x))^ 



= 



where is as in i4.IJ\) , — [u]^, . . . ,u^) for all a, the 's are the components 
oflA^, the x^j ^ 's and /i* ^ 's are the centers and weights of the 1 -bubbles {Bj ^)q, in 
i4-10l) from which the p-bubbles {Bj^a)a 's in i4.9{ ) are defined, and where fla{R) for 
R>0 is given by n^iR) = U^J ^x'^ jRt^j.J- 
Proof. As in the proof of Theorem 15. II we let $q, be the function such that $q,(x) 
is the minimum over i,j of the dg{x^j ^,xYs, where x E M. We proceed by con- 
tradiction and assume that there exists a sequence {ya)a of points in M , and that 
there exists > such that for any i,j, 



daix],a,ya) 



(5.15) 



as a — > +00, and such that 

p 

V Kiya) - u'^iyc)] > So (5.16) 



1=1 



for all a. By H5.14|l . ^a{ya) ^ as a +00 since, if not, ul^{ya) — u^{ya) — > as 
a +00 for all i. Up to a subsequence, we may assume that u^^(ya) > u]^{ya) for 
some zq = 1, . • . ,p, and aU i. We set = (2/a)"^^^"~^^- Since ^a{ya)u°{ya) 
as a ^ +00 for all i, up to passing to another subsequence, we get with H5.16|l that 
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> 5i (5.17) 

for all a, and some Si > 0. In particular, /Xq, — > as a — > +oo. Let 5 > be less 
than the injectivity radius of (M, g). For i = 1, . . . ,p, we define the function in 
BoiS^i-') by 

Va{x) = Ha^ (expy^i^ax)) , (5.18) 

where Bo{S^^^) is the Euclidean ball of radius Sfi^^ centered at 0, and exp^^ is 
the exponential map at j/q,. By (|5.17(l we can write that for any sequence {xa)a of 
points in _Bo('5i/2), and for any 

dg {x) ,^,expy^{fiaXa)) > dg {x)^a,ya) - dg {ya,expy^{fiaXa)) 

> SiHa - \Xa\fJ.a 

for all a, where C > is independent of a. With the estimate 1)5.311 of Theorem 
15.11 we then get that there exists C > such that 

<(x)<C (5.19) 

for all X G Bo{Si/2), all i, and all a. In particular, we may now follow the arguments 
developed in the proof of Theorem 15. II We let Vq — {v^^, . . . ,v^). Then the V^'s 
are solutions of the system 

Agy^+j^t^mvi = i<f-' , (5.20) 

where Afj{x) = Afj (exp^^^ (^qx)) , and ga{x) — (exp*^ 5) {fiax). Let ^ be the 
Euclidean metric. Clearly, for any compact subset K of R", ^q, ^ ^ in C^{K) as 
a — + +00. By standard elliptic theory, 15.19|l . and 15.20|1 . we then get that the w^'s 
are uniformly bounded in C^'^ (i?o(^i/4)) for all i, where < 6* < 1. In particular, 
up to another subsequence, we can assume that the w^'s converge in (_Bo((5i/8)) 
for all i. If Vi is the limit of the w^'s, it follows from the definition of /i^ that 
Vig{0) — 1. Let 62 ~ Si/8. For any i, 

(KfdVg = f {vl^fdVg^ 

By^{S2l^c) JBo(S2) 2;^) 

{v^f'dx + o{\) , 

'Bo (52) 

where o(l) ^ as a ^ +00. Thanks to the decomposition (|4.9|) in Theorem 14. II 
see also (|4.10|) . we can write that for any j, 

k- 

I {ulfdvg<Cj2f (Bl^fdvg+oil), (5.22) 

where oil) — + as a ^ +00, and C > is independent of a and i. As in the proof 
of Theorem 15. II see (|5.12|l . we can also write that 

lim / {B]^fdvg=Q (5.23) 



a — !-+cx2 



By^ {62 ^a) 
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for all We prove (|5.23|l as we prove (|5.12|l by considering the two cases where 
Sy„((52Aia) n S^. = for all i? > 0, and By^{52tJia) n S^. ^ 

for some i? > 0. In the second case we recover (|5.5|l thanks to (|5.15|) by noting 
that (|5.17|) and the nonempty intersection give that ^i^^ ^ ^2Ma + a that 
Met < ^Mi,a- Then, combining (|5.21|) - (|5.23l) . we get that 

J Bo (52) 

for all i, and taking i — ig, we get a contradiction with the equation ^^^(O) = 1. 
Lemma Is .11 is proved. □ 



6. 

In what follows we let (M, 17) be a smooth compact Riemannian manifold of 
dimension n > 3, p > 1 integer, and [A{a))^, a S N, be a sequence of smooth maps 
A{a) : M ^ M^(R). We let also A{a) = (Af^), and consider systems like 

p 

^aUr+^A%{x)Uj = \u^f-'^U^ (6.1) 
J = l 

in M, for all i = 1, . . .p. We assume in this section that the j4(a)'s satisfy that 
there exists a C°^^-map A : M ^ M^{WL), A = {A^j) and < 6* < 1, such that 

+ A is coercive, and 
A%^A.,,inC°'\M) ^^-^^ 

as a ^ +00, where the second equation in H6.2(l should hold for all The goal in 
what follows is to prove L^-concentration fTheorem lS.ll below) for sequences {Ua)a 
of nonnegative solutions of l|6.1|l . 



A remark concerning the coercivity assumption in (|6.2() is that when —A is 
cooperative, the existence of strongly positive solutions to systems like HU.lf) implies 
the coercivity of the operator A^ + A in (|0.1I) . For such systems, like when p = 1, 
coercivity follows from the existence of positive solutions. Let XA{g) be, as in 
Section|21 the infimum of the functional I a in H2.4|) over the U = (ui, . . . , Up) which 
are such that Jj^^ u'^dvg — 1. By compactness of the embedding of Hf in L^, 
we easily get that there exists a minimizer Ua & Hlp{M) for \A{g)- If -^A is 
cooperative, then Ua can be chosen weakly positive. We let Ua = {uf-, . . . ,Up ), 
and let also U — (ui, . . . , Up) be a solution of (|U.1|I . Since (A^ + A)Ua — XA{g)UA, 
we can write that 




A 7 
UiU^ dVg . 
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In particular, wc get that if —A is cooperative and U is a strongly positive solution 
of (|().HI . then Aa(.9) > and (see Section ISJ + A is coercive. This proves 
the above claim that when —A is cooperative, the existence of a strongly positive 
solution to a system like (|0.1|) implies that the operator A^ + A in the left hand side 
of 1U.1|I is coercive. In general, when no assumption is made on A, and contrary to 
the scalar case p = 1, the existence of a strongly positive solution to a system like 
(10.11) when p > 2 does not imply the coercivity of A^ + A. For instance, with the 
examples (|3.1|l ~ (|3.2|l of Section O one easily constructs 2-systems like (|U.lf) with 
strongly positive solutions and such that A12 ^ An + A22, and Aii,A22 > 0. In 
particular, the operator A^ + A is not coercive. 

Before we discuss i^-concentration, we need to prove a De Giorgi-Nash-Moser 
iterative scheme for our systems. Let A : M ^ Mp{R), A — (Aij), be a continuous 
map. Let also U = {ui, . . . , Up) be a nonnegative p-map in p{M). We say that 
U satisfies that 

p 

Agu, + J2 < uT~' (6-3) 

i=i 

in the sense of distributions, for all i = l,...p, if for any <I> = {ipi, . . . , tpp) in 
Hfp{M), $ nonnegative, and any i, we can write that 




where (Vu^ViyS,;) is the pointwise scalar product of Vu^ and Vipi- In what follows, 
for U — (ui,...,Up), and g > 0, we let \U\'' = Wil'' ■ particular, when 

g = 1, we let \U\ = X^Li For Q C M we let also |jZ^||Lf(n) = \\uz\\Li>in)- 
The De Giorgi-Nash-Moser iterative scheme for our systems is as follows. 

Lemma 6.1. Let {M,g) be a smooth compact Riemannian manifold of dimension 
n > 3, p > I integer, and A : M Mp(M.), A — (Aij), be a continuous map. If 
lA G p{M) is a nonnegative p-map satisfying 1^6. ^) in the sense of distributions, 
then \hl\ e L°°{M). Moreover, for any x G M, any A > 0, any 5 > 0, any s > 1, 
and any q > 2*, iflA satisfies also that \\U\\l''(b^(2S)) 1^ ^> then 

max \U{y)\<C\mLs^BA2S)) , (6.4) 
where C > does not depend on hi. 

Proof. Let U = (ui,...,Up), ^ 0, be a nonnegative p-map satisfying (|6.3|l in 
the sense of distributions. Applying a Trudinger type argument like in the proof 
of Theorem 12.11 we easily get that U E L'^{M) for some k > 2*. In particular, 
the first claim in Lemma l6 . 1 1 follows from the second claim. Summing the different 
equations in we can write that 

i=i (6.5) 

where C > does not depend on U, \U\ — J2^=i since U is nonnegative, and the 
inequality is to be understood in the sense of distributions. Namely, (|6.5|) holds in 
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the sense that 

{V\U\Vip)dvg <C [ (l + \llf^^) \U\^dvg (6.6) 



M JM 
2/ 



for all nonnegative if € H({M). If ||Z^||l9(b^(25)) < A for some q > 2*, the function 
/ = \U\^ ~^ is bounded independently oiU in {Bx{26)) for some s > n/2. In 
particular, by H6.6() . we can apply the standard De Giorgi-Nash-Moser iterative 
scheme for functions. We get that U e L°°{M) iiU e L^{M) for some k > 2*, and 
that for any x S M, any A > 0, any S > 0, any s > 0, and any q > 2*, if satisfies 
that \\U\\Lq(B^{2S}) < A, then (|6.4|) is true. This proves the lemma. □ 

Concerning the dependency of the constant C in (|6.4|1 with respect to A, it easily 
follows from the above proof that C can be chosen to depend only on the C°-norm of 
K = J \ Aij\. Another easy remark is that if A is cooperative, then LgUi < ~^ 
for all i, where Lg = Ag + An, and the De Giorgi-Nash-Moser iterative scheme for 
functions can be applied directly to the w^'s. 

Now that we have a De Giorgi-Nash-Moser iterative scheme for our systems, we 
return to (|6.1|l . We assume that (|6.2I) holds, and let {Ua)a be a sequence of solutions 
of (|6.1|l . Namely, for any a, Ua is a solution of H6.1|l . By the second equation in 
(|6.2|) . there exists C > such that for a> sufficiently large, lA{a)(M) ^ CIa{1^) 
for all U e Hf p{M), where lA(a) and I a are as in (|2.4|) . By 1)6.111 and the coercivity 
assumption in 1)6.2(1 we then get that for a > ao sufficiently large. 



/ lUa^fdVg > CilA{Uod 
JM 

> 02(^1 jU^fdv, 



where Ci,C2 > are independent of a. In particular, when we assume 1(6. 2|l . 
there exists K > such that for any sequence {Ua)a of solutions of 1(6.1(1 . and any 
a > «0i l^aP d'^^g > X if Z^Q, ^ 0. Now L^-concentration states as follows. For 
U = (ui, . . . ,Mp), we write \U\2 = IkdU- 

Theorem 6.1 (L^-concentration). Let {M,g) be a smooth compact Riemannian 
manifold of dimension n > 4:, p > I integer, and {A{a))^, A{a) : M Mp(R), 
he a sequence of smooth maps satisfying 1^6. ij() . Let {Ua)a, l^a ^ 0, be a bounded 
sequence in Hf ^{M) of nonnegative solutions of l^fi.l]} such that \\Ua\\2 as 
a — > +00. Then, up to a subsequence, Sgeom 7^ 

lim 7^ ' , ' ■ ^ 1 (6.7) 

for all 5 > Q, where Bs = [JiLi Bxi{5), and the Xi's are the geometrical blow-up 
points of the Ua 's, namely Sgeom = {xi, . . . , Xm}- 

When n — 3, bubbles do not concentrate in the i^-norm, and L^-concentration 
turns out to be false when n = 3. Dimension 4 is the smallest dimension for which 
we can get i^-concentration. 

Proof. Up to a subsequence, Theorem l4.1l and Theorem IS . 1 1 applv to the UaS. Since 
ll^alh — > as a — *■ -l-oo, we have that = in 1(4.9(1 . If in addition Sgeom — 0, 
we would get by 1(5.14(1 that \Ua\ uniformly in M as a ^ +00, and this is 
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in contradiction with the lower bound /^^ \lAa\'^ dvg > K we discussed above. In 
other words, up to a subsequence, there is a nonempty finite set Sgeom of geometrical 
blow-up points for the Ua's. By the second equation in Ht).2|) . there exists C > 
such that for a > uq sufficiently large, lA{a){^) ^ CIa{1^) for all U G H^p{M), 
where lA(a) f^nd I a are as in H2.4I) . Let / = (/i, . . . , fp) be a smooth map such 
that fi > in M for all i. For instance, fi = 1 for all i. Minimizing lA(a) over the 
constraint J2i Jm fi'^i^^a = Ij we easily get the existence of Wa & H^.p{M) such 
that 

APWa + A{a)Wo. = / (6.8) 
for all a > ao. By the coercivity assumption and H6.8|l . ||yVQ||2 < C, and by 
standard regularity results, we get that Wa is smooth and that there exists K > 
such that |yVa| < K in M for all a> ao. Then, by l|6.8|l . since fi > for all i, and 
\yVa\ < K, we can write that for any a > ao, 
p . p . 

E / <dvg<cY, I h<dvg 



=1 



M .1 JAf 



C V / I /^aw\ + V 1 u\dv^ 



(6.9) 



dVg , 

where C > is independent of a, and Wq = {w}^, . . . , w^). In particular, by H6.9|l . 
there exists C > such that 

\Ua\dvg<Cl \Uaf-^dvg (6.10) 

for all a > uq. We refer to H6.10|l as the L^/L^ ^ ^-controlled balance property of 
the system ()6.1|l . Up to a subsequence, (16.10(1 holds for all a. Now, for 5 > 0, we 
let Bs be as in the statement of the theorem, and let Rs{a) be the ratio 

Rs[a) = . 12 , ■ (6-11) 

j^,j\Ua\^dvg 

Thanks, for instance, to Theorem 15.11 we can apply the De Giorgi-Nash-Moser 
iterative scheme in Lemma [6. II to the Ua^s in M\Bs with s — 2. By the / L'^ 
controUed balance (|6.10() . and the De Giorgi-Nash-Moser iterative scheme, we then 
get that 

max \Ua\ I / \l^a\dvg 

Jm\Bs \M\I3s ) JM\Bf, 



< C\ f m^dVg f \Uaf~'dVg 

V Jm Jm 



a ' 

M JM 
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where C > is independent of a. In particular, 



< cIm^£=^ (6.12) 



for all a, where C > is independent of a. If we assume now that n > 6, then 
2* — 1 < 2, and we can write with Holder's inequality that 



M \JM 

for all i, where Vg is the volume of Af with respect to g. In particular, there exists 
C > such that 



/ \Uaf'^dVg<c(f \Uc.\^dVg 

Jm \J m 



and since 2* > 2 and ||Wq||2 — > 0, we get with (|6.12|l that Rs{a) — > as a ^ +oo. 
This proves Ht).7|l when n > 6. If n = 5, then 2 < 2* — 1 < 2"^, and we can write 
with Holder's inequality that 



{<f-'dvX" < ( / (O'rf^J ( / i<rdvg 

where 9 = 2(2* ~i) ■ S™ce the sequence {Ua)a is bounded in Hfp{M), there exists 
C > such that /^^ \Ua\'^ dvg < C for all a. Then we get that 



/ \U^f-^dVg<c(f lU^fdVg 

Jm \Jm 



where C > does not depend on a, and since f > ^ and ||Wq||2 — > 0, we get with 
(I6.12|l that Rs{a) — > as a — + +00. This proves (|6.7I) when n — 5. Now it remains 
to prove l|().7|) when n = 4. The argument when n = 4 is slightly more delicate and 
requires the i?^-theory in Section 0] We start writing that 

U j\u^r-'dvg _^ j^,^{ui^r-^dvg 

. (6-13) 



i=l 



\/lMi0^dVg 



For i — 1, . . . ,p, we let the x*^'s and ^^'s be the centers and weights of the 
1-bubbles (i?* in (|4.1U|) from which the p-bubbles {Bj^a)aS in H4.9|l are defined, 
where j = 1, . . . , fci, and J2i = ^- Foi' ^ > 0, and i = 1, . . . ,p, we let also fli^a{R) 
be given by 

n,,^{R)^\jB,,jRfi)J, (6.14) 
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and fli^aiR) = if ^ in Hf{A'I) as a ^ +oo. We fix z = 1,. . . ,p. Since 
2* — 4, we can write, thanks to Holder's inequalities, that 



M\ni,a,{H) V JM 



Then we get that 



^^^^"-'"^^ , ff ^gj:^^^^^:=:^, (6.5) 



where n^,a{R) is as in ^J^. For (p G Cg"(R"), where C^(R") is the set of smooth 
functions with compact support in K", we let (/?*■ q, be the function defined by the 
equation 

</'},aW = Ko)"'^V'(HJ-'exp-Mx)) . (6.16) 
Straightforward computations give that for any ji ^ j2, any i, and any a, 



Jm 

where o(l) as a — > +00. Similarly, for any i? > 0, any i, any j, and any a, 
{BIJ^^ dvg = SRia), 

M\niJR) 

^2*-l, « _ / „,2*-l 



(iii) / (BU' '^ipl^dvg^ -^ipdx + oil), 

(iv) / {B]J\vl.f-^dvg^ I u\^'-^dx + o{l) 
Jn]^(R) Jbo{R) 

where u is as in (|4.5|) . ri*^(i?) = Sj.; {Rf^j,a)i o(l) ^ as a ^ +00, and the 
efl(Q;)'s are such that 

lim limsup£/f(Q;) = . (6-17) 

By (ii) we can write that 

/ {ul^fdvg=eR{a), (6.18) 

JA/\ni,„(J?) 

where fti,a{R) is as in H6.14|l . and the eR{a)'s are such that (|6.17|l holds. From now 
on, we let (p in H6.16|l be such that = 1 in Bo{R). Then, 

k ■ 

while, thanks to (i) and (iii), 

{<f-'v^lo.dvg < Cf {B}j'*-'^l^dvg + o{l) 

2*-l 



< C I -'dx + o{l) , 

Bo{R) 
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where o(l) — > as a ^ +00, and C > does not depend on a and R. In particular, 
we can write that 

/ {ulf-'dvg<(c[ u^'-'dx + oil)] J2il^lJ^ , (6.19) 



where o(l) — *■ as a — > +00, u is as in (|4.5|) . ki is as in (|4.10|l . and C > does not 
depend on a and R. Independently, for any j, 

{<fdv, > f {ulfdv, 

i \ri-2 / \2/,J \2*-2, 



Here, 2* — 2 = 2. As is easily checked, we can write with (|4.10f) that 

iO'iflaf-'dv, 



> 

and thanks to (iv) we get that 



/ i<f(.^Uf-^dvg> I u^dx + o{l) . 

Jni^(R) ■'Bn(R) 



'^],^{R) JBa{R) 

Hence, for any j , 



«)^rfz;,>(M;,J"-^ / u'dx + o{l) 

M ■ \JBo{R) , 



and we can write that 

{uD^dvg > ( niax ( / u^dx + 0(1)) , (6.20) 

M \j = h---M J \Jbo{R} J 

where o(l) as a ^ +00, ki is as in (|4.1Q(I . and u is as in l|4.5|l . Then, since 
i is arbitrary, we get by combining ^J^, ^J^, l|Hl5|l . l|HTl^ . and (|?nn| 

that, for any i? > 0, 

r -^"^ ~^(ix 

lim sup j?3(Q;) < £fl + C f"^^ (6.21) 

where ^ as i? — > +00, and C > does not depend on R. It is easily seen that 
lim / ~^dx = ^^dx 

1^-'+°° J Bo(R) Jr" 
< +00 



On the other hand, when n = 4, 



i?— >+oo 



lim / u^dx 



-00 . 

BoiR) 
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Coming back to (|6.21|l . it follows that Rs{a) ^ as a ^ +00, and ()6.7|l when 
rt = 4 is true. This ends the proof of Theorem 16. II □ 

A possible estimate we could have add to L^-concentration is the L^/WL^- 
balance stating that for any 6 > 0, and any x E M, there exists C > such 
that 

J2 I |V<Prf^;. < / (1 + i<f'^) iO'dv, (6.22) 

for all a, where the u^'s are the components of the UaS. We prove (|6.22|l by 
mutliplying the ith equation of (|6.1() by rfu^^, and integrating over M, where rj is 
such that 77 = in Bx{S) and r/ = 1 in M\Bx{26). Using that by (|6.2|l . there exists 
C > such that —A{a) < CIdp for all a in the sense of bilinear forms, where Idp 
is the p X p-identity matrix in Mp(M), we get (16.22(1 . In particular, it follows from 
(I6.22|l . the pointwise estimate in Section |S1 and i^-concentration, that 

/ \\/UafdVg^o( f \Uc,fdVg] 

Jm\Bs \Jm J 

for all a, where |VZ^„p = ELi W = Y.\=x{0\ ^8 - U=i B,^{5), and 

the the geometrical blow-up points of the UaS. 

7. Sharp pointwise asymptotics 

In what follows we let (M, 17) be a smooth compact Riemannian manifold of 
dimension n > 3, p > 1 integer, and (A(a))^, a G N, be a sequence of smooth maps 
A{a) : M M^{R). We let also A{a) = (^fj), and consider systems like 

p 

AgU,+J2A?i{x)uj = \u,f-^u^ (7.1) 

in M, for alH = 1, . . .p. We assume as in Section that the A(a)'s satisfy that 
there exists a C^'^-map A : M ^ M^i^), ^ = i^ij) and < 6* < 1, such that 

+ Ais coercive, and 

(7 2) 

A%-^A^j inC°'^(Af) ^ ■ ' 

as a +CXD, where the second equation in H7.2|l should hold for all The limit 
system we get by combining (|7.1f) and (|7.2|) reads as 

p 

AgUi + ^Aij{x)uj ^ (7.3) 

in M, for all i = l,...p. The goal in this section is to prove sharp pointwise 
asymptotics for sequences of nonnegative solutions of (|7.1ll when standing close to 
one specific bubble of the //^-decomposition of Theorem 14. II 

Let {Ua)a, Ua ^ 0, he a, bounded sequence in Hf p{M) of nonnegative solutions 
of (|7.1|1 . Then the sequence {Ua)a is a Palais-Smale sequence for (|7.1|) and we can 
apply Theorem 14. II In particular, up to a subsequence, ((4.9(1 and ((4.10(1 hold. In 
what follows, we assume that the sequence blows up and let the a:*- ^^'s and /j,*- ^^'s be 
the centers and weights of the 1-bubbles (-B]_q,)q in 1(4.10(1 from which the p-bubbles 
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{Bj^a)a's in (|4.9|1 arc defined, where i — 1, . . . ,p, j ~ 1, . . . ,ki, and J2i — ^- Up 
to renumbering, and up to a subsequence, we may assume that 

M},a = max^} (7.4) 

Then we let fj.^ stand for /i} ^, so that is the largest weight among all the possible 
weights fij a, and we let Xa stand for x\ ^, so that Xa is the corresponding x'j ^. In 
other words, up to renumbering, and up to a subsequence, we assume H7.4II . and 
then let 

Ma = and Xa = a;}^„ (7.5) 

for all a. We let also Ua be the p-map defined in the Euclidean ball Bo{l) C M" 
centered at and of radius 1 hy Ua = (u^, . . . , u^) and 

Ua{x) = Ua (exp^^^ (VJj^x)) (7.6) 

for all a, where exp^ is the exponential map at Xa, and Ua = {u^, ■ ■ ■ ,Ua)- The 
terminology harmonic in Theorem 17.11 below refers to the Euclidean Laplacian. 
Namely 1^9 : O ^ R is harmonic, where is an open subset of ffi.", if A(f = in f2, 
where A is the Euclidean Laplacian in M". 

Theorem 7.1 (Sharp Asymptotics) . Let {M,g) be a smooth compact Riemannian 
manifold of dimension n > 3, p > 1 an integer, and {A{a))^ a sequence of smooth 
maps A{a) : M Mp(U.) satisfying i7.S\ ). Let {Ua)a be a bounded sequence in 
p{M) of nonnegative solutions of j?. J| ) which blows up. Then there exist S > 0, 
nonnegative real numbers Ai, and harmonic functions ipi : B{){5) ^ M., i = 1^ . . . ,p, 
such that, up to a subsequence, for any i, 

"a(^)-^+^.(a^) (7.7) 

in Cl^^ (i3o(^)\{0}) as a ^ +00, where the u]^ 's are given by i7.(^ . If the ~A{a) 's 
are cooperative for all a, then at least one of the Ai 's is positive. If the —A{a) 's 
are cooperative for all a, the limit system j7.^ is fully coupled, and U^ ^ 0, where 
U^ is as in Theorem \4.1\ then the ipi 's are positive functions in Bq{S) for all i. 

We prove Theorem 17. II in several steps fSteps mi to 17.81 below*) . For pi and p2 
such that 2*/2 < p2 < 2* < pi, and cr > 0, we define the norm || • ||pi,p2.cr on 
L°°{M), the space of bounded functions in M, by 

ll^llpi,P2,'T = inf |C > s.t. (/pj^pj holds for u| , 

where (/p^ p^) holds for u if there exist nonnegative functions u^,u'^ e L°°{M) such 
that |m| <u^-\- u^, ||w^||pi < C, and 

||w^||p2 < CCT^"^ . 

For the sake of completeness, we mention the following specific (and easy) result 
from elliptic theory that we will repeatedly use in the proof of Steps 17.11 to 17.31 
Namely that if u G H^iM) and / € LP{M), p> I, are such that AgU + Xu = f for 
some A > 0, then ||u||^fp < CH/Hp where C > depends only on the manifold, p, 
and A. In order to prove this we write that 



\\u\\hs<C{\\u\\j,+ \\L,u\\p) , 



(7.8) 
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where L\ — Ag + A, and C > depends only on the manifold, p, and A. Equation 
(17.8(1 follows from standard elliptic theory. Then, by 1(7. 8|l . it suffices to prove that 
\W\\p < C||Lam||p where C > depends only on the manifold, p, and A. We proceed 
by contradiction and assume that there exists a sequence {ua) in Hl^iM) such that 
||wq||p = 1 for all a and ||LaWq||p as a — > +oo. By 1(7.8(1 . the sequence (uq) 
is bounded in i/f (Af). By compactness of the embedding of in i/f , up to a 
subsequence, we may assume that — > u in iJf . Then \\u\\p — 1 while L\u = 0. 
But L\u = implies u — Q since A > 0. A contradiction and this proves that if 
u £ H^{M) and / e Lp{M), p > I, are such that AgU + Xu ^ f, for some A > 0, 
then ||u||^p < C||/||p where C > depends only on the manifold, p, and A. 

Step 17. II in the proof of Theorem l7.1l is as follows. In the sequel, once and for all, 
the A(a)'s are assumed to satisfy ((7.211 . We will also always assume, up to passing 
to a subsequence, that the U^s satisfy ((4.91) and (14.1011 . 

Step 7.1. Let {Ua)a be a bounded sequence in ^{M) of nonnegative solutions of 
i7.1\ ) which blows up. There exists p{n) > 2* with the property that for any pi,P2 
such that 

Poin) < P2 < 2* < pi < p{n) , (7.9) 

where po{n) = Tnax{-^p^, ■:;^Z2)' t^^i"^ exists C > such that, up to a subsequence, 
for any i, and any a, 

ll<llp.,P...-<C, (7.10) 
where Ua = (w^, . . . , u^), and pa is as in j7.41 )- f7r3[ ). 

Proof of Step \7.1\ We fix A > and let G be the Green's function of the operator 
Ag + A. By ((7.1() and ((7.2(1 . we may write that 

<{^) = / G{x,y)v^^{yf~Hvg{y)^j2 I {A% ^ \5.,) G{x,y)ui{y)dvg{y) 



< 



G{x,y)ul,{yf-'dvg{y)+cj2 / G{x,y)ui{y)dvg{y) 



for all I — 1, . . . ,p and x G M, where C > is independent of a, x, and i, and 
where the notation dvg{y) emphasizes that integration is with respect to y. By the 
-theory, Theorem 14.11 writing that w^(y)^ ~^ = w^(y)^ ~^M^(y), we then get 
that 

<(a;)<CiX^ / G{x,y)ui{y)dvg{y) 

+ G2Y.I G{x,y)BlMf-\l^iy)dvg{y) (^-H) 
+ gJ G{x,y)\K{v)f-^v^a{y)dvg{y) 

J M 

for all i = 1, . . . ,p and x G M, where Ci, C2, C3 are positive constants independent 
of a, X, and i, and where ki, the 1-bubbles B^j^^, and the remaining terms R]^ are 
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as in (j4.9|l and (|4.1Q(I . Let Wa be the function given by 

p . 

Wcix) = / Gi^,y)<iy)dvM . (7.12) 

Then AgW^ + Xw^ ~ Sj=i'"Qi ^^^^ since the right hand side in this equation 
is bounded in (M), independently of a, it follows from elliptic theory that the 
sequence consisting of the w^s is bounded in lf| (M). In particular, by the Sobolev 
embedding theorem, there exists a dimensional constant p{n) > 2* such that 

< C (7.13) 

for all a and all 2* < pi < p{n), where C > is independent of a, and Wa is given 
by H7.12|l . Similarly, if we let ^ be the function given by 



2 -2„,j 

g\ 

M 



then 



(7.16) 



Agwl^ + Xwl^ = {B]J^ . (7.15) 

Let 1 < 9 < r be such that l/q= (1/r) + (1/2*). We can write that 

\\{Biy-^<\U<\\{Biy-X\\u'j2^ 
<C\\{Bl^f-^,, 

where C > is independent of a, z, and j. Moreover, by the equation 14.4|l of a 
1-bubble, we can write that for (5 > sufficiently small, 

/ {BUr-'^'dv,^ f {B-r-^'■dv, + o{{^^,J''■) , 

Jm Jbs 
where Bs = B.^i {5), and the a;*^'s and ^J']^a^ the centers and weights of the 
1-bubble (i?* ^), while we also have that 



(s5,j(2*-2Vd«,<c(MU)"- 



2r 



if r > n/4, where C > is independent of a, i, and j. In particular, if r e (j, ^), 
then 

" {BlJ^*-^>dv,<c{^ll^r~^^ 

M (7.17) 

where C > is independent of a, i, and j, and where is as in (|7.4|l - (|7.5|l . By 
elliptic theory, (|7.15|l . (|7.1t)|) . and H7.17|l . we then get that the sequence consisting 
of the wj_„'s is bounded in i/|(M) where l/q = (1/r) + (1/2*). By the Sobolev 
embedding theorem, since r is arbitrary in (f , f ), it easily follows that 

H,Ap.<C(p-')^-^- (7.18) 

for all p2 e 2*^ , a, i, and j, where C > is independent of a, i, and j, and 

w]j ^ is given by 17.14|l . At last, we let be the function given by 

wl{x)= j G{x,yWM^'-^v^^{y)dv,{y). (7.19) 
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Then 



and by Step 17.21 below, since i?^ — > in as a ^ +oo, we can write that if 
2*/2 <p2 <2* <pi, then 

""Pl,P2,A'c, / 

for all a and i, where is given by (|7.19|) . Combining (|7.11|) . (|7.13|) . (|7.18|) . and 

(|7.20|l . it follows that there exists a dimensional constant p{n) > 2* such that 

IKIIp^P.,.- < ^ 

for all a and i, and all pi, P2 such that po(") < P2 < 2* < pi < p{n), where Po{n) 
is as in Step 17. l1 and C > is independent of a, and i. In particular, H7.9I) and 
(fTTUjl are true. This proves StepO □ 

Step 17.21 that we used in Step 17. II is as follows. 

Step 7.2. Let u,v e Hf{M) n L°°{M) and K e L°°{M) be nonnegative functions 
such that 

AgU + Xu < Kv 

in M, where A > 0. Let pi,p2 be such that 2*/2 < p2 <2* < pi. Then 

||w||pi,P2,(T < C\\K\\n/2\\v\\p,,p2,a 

for all cr > 0, where C > is independent of u, v, and a. 

Proof of Step\T^ Let A > ||w||pi,p2,o"- Then there exist vi,V2 > in L^[M) such 
that V < vi + V2, ll^illpj < A, and ||w||p2 < Aa^~^ . Let ui, U2 be such that 

AqUi + Aui — Kvi , and 

(7-21) 

AgU2 + \U2 = KV2 ■ 

Then ui and U2 are nonnegative functions in iJ^* (M) for all p > 1, in particular 
ui,U2 € L°°{M), and since (u — + A (w — "0 — 0, we also have that 

u < Ml + M2. Let qi and g2 be such that l/g^ = (l/pi) + (2/jt.), i = 1,2. Since 
Pi > 2*/2, we have that > 1, and we can also write that 

\\Kv,\\g^ < \\Kl,/2\\v,\\p^ , (7.22) 

for i = 1, 2. By elliptic theory, H7.21|l . (|7.22|) . and the Sobolev embedding theorem 
we then get that 

\\ui\\p^ < C||ui|l^« 

< C\\K\\^/2\Mp^ 

for i = 1,2, where C > depends only on the manifold, A, and the pi's, i = 1,2. 
Since u < ui + U2, it follows that ||u||pj,p2,o- < C||i^||„/2^i a-nd since A > ||w||pi,p2,o- 
is arbitrary. Step 17.21 is proved. □ 

The next step in the proof of Theorem l7.1l is as follows. In its statement, we let 
e{n) be given by e{n) = 
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Step 7.3. Let u,v,w € Hl{M) n L^{M), u,v>0, be such that 

Agu + Xu ^ v'^* -'^ + w (7.23) 

in M , where A > 0. Let pi,p2 be such that 2* — 1 < p2 < 2* < pi < 9(n), and qi, q2 
be such that — = _ 1 fQj. j — i o. Then 

) (7-24) 

for all cr > 0, where C > is independent of u, v, w, and a. 

Proof of Step\T^ Let A > max (II^jIIp^ p2.a-i Il^llpi,p2,cr)' Tlicn there exist iioimega- 
tive functions /i, /2, /{, and /2 in L°°{M) such that 



v<fi + f2, \\fl\\p^ < A , \\f2\\p, < K(T^ , and 
\w\ <f[ + f^, ll/illp, < A , ll/^llp, < Aa^-^ . 
We let D = D{n), D > depending only on n, be such that 



(7.25) 



< D(^{f,+f[f-' + l)+D{f2 + f^f 



and let Hi,H2 be given by Hi = D ((A + f[f ^ + l) and H2 ^ D (^ + /D'*"'- 
We also define ui and U2 by 

AgUi + Xui — Hi , and 

AgU2 + \U2 = H2 ■ 



(7.26) 



Then ui,U2 are nonnegative functions in H^ for all p > 1. In particular, we have 
that ui,U2 G L°°{M), and by elliptic theory and the Sobolev embedding theorem, 
we can write that 

\\u^\\q^ < C||u,||„p. < C\\H,\\p^ (7.27) 
-"2 

for 1 = 1,2, where 1/qi = (l/pi) — (2/n), pi — pi/{2* — 1), and C > depends only 
on the manifold, A and the pi's, i = 1, 2. By H7.23(l . 

AgU + Xu< H1+H2 , 

and it follows from H7.26|l and the maximum principle that u < ui+U2. As is easily 
checked. 



^^[2* P2) 2* 92' 

It follows that \\Hi\\p, < C(l + A2*-i) and ||i?2||p2 < CA^^^V^"^ , where C > 
is independent of u, v, w, and a. Since A > max (||w||pj^p2_o-, ||'f«||pi,p2,o-) arbitrary, 
and since u < ui + U2, we get with (|7.27|) that (|7.24l) is true. This proves Step 

o □ 

The next step in the proof of Theorem 17. II is as follows. Estimates like in Step 
17.41 where the norm || • pa.o- is involved, have been introduced in Devillanova and 
Solimini |14| . 
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Step 7.4. Let {Ua)a he a hounded sequence in ^{M) of nonnegative solutions 
of {7.1}) which blows up. Let pi,P2 be such that 2*/2 < P2 < 2* < pi. There exist 
C > and sequences {v\ ^)a, (y^ a)a of nonnegative functions in L°°{M) such that, 
up to a subsequence, u]^ < Vi a ~^ '^2 a' ll^i allpi ^ C", and 

\\vlJ\r>.<C^Jt^~^ (7.28) 

for all i and a, where Lia = (w^, . . . , u^), and is as in jy.^| )- f7!3| ). 

Proof of Step \7..^ We prove Step 17.41 by induction, starting from Step 17. ll using 
Step 17.31 An easy remark is that 

\\u\[p^,p^M < C\\u\\p,^p^^„ (7.29) 

if Pi < Pi, where C > depends only on the manifold. We fix pi,p2 such that 
^ < P2 < 2* < pi. We let p1 > 2* be close to 2*, and let fco > 1 be such that the 
increasing sequence {pi)k given by 

1 2^-1 2 



p^'+i p'l n 

satisfies pi < 6{n) for all k < ko, and > 9{n), where e{n) is as in Step [721 

Similarly, for < 2* we construct the decreasing sequence {p2)k by 

1 _ 2* - 1 2 
p^'+i p^ n ■ 

We choose P2 such that ^3"^^ = P2- Then, since p2 > 2*/2, we get that p\>2* ~l 
for all fc < fco + 1. The more pi > 2* is close to 2*, the more ko is large, and the 
more fco is large, the more P2 < 2* has to be close to 2*. In particular, we can 
assume that p% > 2^/(2* - 1). We fix A > 0, and, by (|7.1|l . we write that 



p 



for all i and a, where Af^ = X5ij — Afj. In particular, by H7.2(l . there exists C > 
such that ll^^llc" ^ C* for all i, j, and a. Then, by Steps l7.ll and l7.3l we can write 
that there exists C > such that, up to a subsequence. 



for all i and a. In particular, by 17.29II . Ilu* 11 ^ ko+i -1 < C for pi < 6{n) as close 
as we want to d{n). We then apply Step 17.31 once more and get that 



fcO+2 -1 < C 
'Pl,P2 -Ma — 



where pi —> +00 as pi — s- 9(n). Choosing pi sufficiently close to 0{n), we can 
assume that pi > pi, and, thanks to H7.29|l . we get that there exist C > and 
sequences {vl ^)a, {vl.a)^ of nonnegative functions in L°°{M) such that, up to a 
subsequence, < f ! „ + ^, \\v\ ^\\p^ < C, and H7.28(l holds. This proves Step 

O ' ' ' □ 

Going on with the proof of Theorem 17.11 we now prove integral estimates for 
sequences of nonnegative solutions of (j7.1(l . Step 17.51 is as follows. 
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Step 7.5. Let {Ua)a he a hounded sequence in ^{AI) of nonnegative solutions 
of j7.-?| ) which Mows up. There exist Ci, C2 > such that, up to a suhsequence, 

ul,dag < Ci + (7.30) 



j,n— 1 



for all i, all a, and all r > sufficiently small, where Ua — {'^a, ■ • ■ i ^^q); the Xa 's 
and /io, 's are as in J7.^[ )- jT5[ ), and dag is the measure induced on dBx^{r) hy g. 

Proof of Step [731 Thanks, for instance, to the Bishop-Gromov comparison theo- 
rem (see Chavel ^9,), there exists C > such that Volg {Bx^{r)) < Cr" for aU a 
and r > small, where Volg {Bx^{r)) is the volume of the ball Bx^{r). By (|7.1|) 
and 

we may then write that 



P 

1=1 



P 



({v^y-'+c)dvg (7.31) 



i=l 



'B^^ir) 



for all a, i, and all r > small, where the above constants C > are independent 
of a, i, and r. By Step 17.41 that we apply to the Ua's with pi — (2* — l)n and 
P2 = 2* — 1, there exist C > and sequences {v\^^)a, (w2q)q nonnegative 
functions in L°°{M) such that, up to a subsequence, < Wi^Q+'^l.a: Iki.allpi — C', 
and ||f2,Qllp2 < C^i"^^^^^^"^^ ^ for all z and a. In particular, by Holder's inequality, 

i<f-'dVg <C [ ivlj'*-'dVg + C [ {V^y-'dvg 



B^^(r) JB^^ir) -I B^^(r) 



(7.32) 

2*-l 



for all a, i, and all r > small, where the above constants C > are, here again, 
independent of a, i, and r. Combining H7.31|l and H7.32|l . we get that there exists 
Ci , C2 > such that 

/ (Ag<)d«g < Cir"-i + C2M^ (7.33) 

for all a, i, and all r > small. Given xq G M , there exists (3xa a smooth function 
around xq such that for u smooth in M, and r > small (less than the injectivity 
radius of the manifold), 

d ( I 



— 1 zr I udan 

r]r \ ^n — 1 / y 



(7-34) 

ait 



where dB^oir) is the boundary of the geodesic ball Bxg{r), where dag is the volume 
element on dB^gir) induced by g, and is the normal derivative with respect 
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to the outward unit normal vector v. As is well known, see again Chavel [HI, 
Pxq{x) — O' {dg{xo, x)) where the notation in the right hand side of this equation 
stands for a C^-function such that the fcth derivatives of this function, k = 0,1, 
are bounded by Cdg{xo,x)^~'^ where C > does not depend on xq and x. For 
i = 1, . . . ,p, we define $^ : (0, (5) ^ R, (5 > small, by 



^ Jd 



ul^dvg 



Then, by H7.34|l . we can write that 



Hr) = / {Agu'Jdvg + HlirWM (7.35) 



dr 



for all a, i, and all r > small, where the -ff^'s are uniformly bounded with respect 
to a and r. By (|5.14(l . there exists 5 > 0, 5 arbitrarily small, with the property 
that, for any i, the <i>^(i5)'s are bounded uniformly with respect to a. Integrating 
()7.35|l between r and (5, < r < (5, we get that 

,-/o*^;(^)d.,j,^(i) ^ / {^^uQdvAdt, 

Jr \ * JB^^^it) J 

and then, it follows from H7.33|l that 

< Ce-^o''^i(«)'i''$^(r) 

< Ce-^oHl{s)ds^^^^^ J ^^^^ CaM^^t^-") dt 

1 ^ 

for all a, i, and all < r < (5, where Ci, C2 are as in H7.33|l . and the constants C, 
C3, and C4 are positive and independent of a, i, and r. This proves (|7.3()|l and 
Step [731 □ 

Now that we have Step 17. 5| we can prove the first part of Theorem 17. II This is 
the subject of the following step. 

Step 7.6. Let {Ua)a be a bounded sequence in ^{M) of nonnegative solutions 
of jy. j| ) which blows up. There exist S > 0, nonnegative real numbers Ai, and 
harmonic functions tpi : Bo{S) — > M, i = 1, . . . ,p, such that, up to a subsequence, 
for any i, 

in Cl^^ {Bq{5)\{{)}) as a ~* +00, where the u]^ 's are given by j7.6] ). 

Proof of 6*^6^ 17.6] We let ga be given by ga{x) = (exp*^ g) {y/JI^x), where a; e M", 
and the x^s and n^s are as in (|7.4(l - (|7.5(l . Clearly, 5^ ^ ^ in C^{K) for any 
compact subset K of K", where ^ is the Euclidean metric. We also have that 

for all i, where A°'j{x) = Afj (exp^^ (y^T^x)) . If the a;* ,^'s are the centers of the 
1-bubbles {Bj^^)a in (j4.1()(l from which the p-bubbles {Bj^a)aS in H4.9|l are defined. 
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up to passing to a subsequence, we may assume that there exists C > such that 
for any either dg{x^j^^,Xa) < C^fJT^ for all a, or dg^x^^^^^Xa)! ^fJT^ — > +00 as 
a — !■ +00 . If ^ is the finite set consisting of the i , j 's such that dg (a;^ „ , a;^ ) < C ^JJi^ 
for all a, we let S be given by 

S=[ lim -L exp-i(4 , z, j e ^1 (7.38) 

where, up to passing to another subsequence, we assume that the limits in S exist. 
Clearly, £ 5. Given < (5 < i?, we let X = B[^(R)\\],^^^B.^{S), where B'^{R) 
stands for the closed Euclidean ball of radius R centered at 0. We let also h\ be 
given by 

K = P^o.(n^o.f-^ . (7.39) 
Then, by H7.37|l . we can write that 

p 

fiL + Mo E = '^^a (7-40) 

for all i, where the ^^'s are as in (|7.37|l . and the /i^'s are given by l|7.39|l . By the 
estimate H5.3|l in Theorem 15. II that we apply to x^ = exp^.^ (y^/JaO:), we easily get 
that there exists C > such that for any i, and any x ^ K , \h]^{x)\ < C. We claim 
that by Lemma [5. II we actually have that 

hi^O in L°°{K) (7.41) 

for alH, as a ^ +00. In order to prove H7.41|l . we first note that there exists C > 0, 
C = C{K), such that 

dg {x),^,exp^^{^/Ji:;^x)) > (7.42) 

for all a, i, j, and x e K. Then, since fia is the largest weight among all the possible 
weights Mj^Q, we get with (|7.42|l that 

-^dg (x}_„,exp^^(y/i^x)) +00 (7.43) 

in L°°{K) for all i,j, as a ^ +00. We may therefore apply Lemma l5.ll to the 
Xa = exp^^ (y/JI^x), and we get with this lemma and H7.42|l that /i^ — > in L°°{K) 
for all J, as Q ^ +00. This proves the above claim that (|7.41|l is true. Now that 
we proved (|7.41|) . we claim that for any < (5i < 82, and any p £ (l, there 
exists C — C{Si, S2,p), C > 0, such that 

{Krdvg^ < C (7.44) 

for all a and i, where R{Si, 62) is the Euclidean annulus centered at and of radii 
Si, 62- In order to prove H7.44|l . we fix < (5i < 62, p € (l, -^^z^): and let A{a, Si, S2) 
be the annulus in M centered at Xa and of radii iJiy^/Iai '^2-\/Mq- By the integral 
estimate (l7.3Uf) in Step 17.51 we can write that 

1 . . . ^^ / ul^dvg < C (7.45) 
Volg(A„(a)) 
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for all a and i, where An^ci) — Aia^bx^b-i), Volg (A„(a)) is the volume of 

with respect to and C > is independent of a and i. By H7.1|l and H7.2|l . like in 

(|7.31|l . we can also write that 



(7.46) 



for all a and i, where C > is independent of a and i. By Step 17.41 that we apply 
to the Ua'S: with pi — {2* ~ l)n and p2 = 2* — 1, there exist C > and sequences 
('^i a)"! (^2 a)a of nonncgative functions in L°°{M) such that, up to a subsequence, 

< < i^i,a + Iki.allpi < C*. and \\v\J\p^ < Cfi^^ 
particular, by Holder's inequality. 



("/p2)-("/2*) 



for all i and a. In 



< C\\vlX-'Volg (AJa))^ + C (^if^ 



(7.47) 



< CVolg (A„(a)) — 



for all a and z, where the above constants C > are, here again, independent of a 
and i. Combining (|7.46|) and 17.47|l . we get that there exists C > such that 



If C 

Volg(A„(a)) fi^ 

for all a and i. Then, by (|7.45|) and 17.48|l . we can write that 



(7.48) 



^advga ^ and 



(7.49) 



R{Sl,S2) 



for all a and i, where C > is independent of a and i. We let F^^ be such that 
= Ag^u^ in i?((5i, (52) and = outside i?((5i, (^2). Given (5 > (52 we let also Ga 
be the Green's function of Ag^ in Bo{S) with zero Dirichlet boundary condition, 
and set 

vl{^)=[ G^{x,y)Fl{y)dvgM ■ 

JBo(S) 

By standard properties of the Green's function, there exists C > such that 

C 



Ga{x,y) < 



\y-x\' 



(7.50) 



for all X £ i?((5i, 62), all y e Bo{S), and all a. Given p e (l, ;;732), we let q be such 
that i + i = 1. For e L"? (i?(^i, (52)), by (|73n|) . we can write that 



R(Sl,S2) 



vl^ifdx 



< C 



(p{x) 



R{Si,s2) \jRiSi,s2) \y ^ ^1 



^dx] \Fl{y)\dy 
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By Holder's inequality, since p < we then get that 

< C'll'PllL9(fl(<Si,52)) / I / I \r>(n-2) 

< C\\ip\\L,i^Ri^SuS2}) ll^a|Li(i?(5i,52)) 

and, by H7.49|l . it follows that 



dx 



i/p 



\Kiy)\dy 



BiSu&2) 



< C\W\\Li{Ri5t,52)) 



for all a and i, where C > does not depend on a, i, and (p. Thus, by duality, 
taking = {vl,y~^ , we get that 



R(Sl,S2) 



(7.51) 



= 



for all a and z, where C > is independent of a and i. Since A^^ (w^ — 
in R{di,S2), it follows from the De Giorgi-Nash-Moser iterative scheme that if 
fl CC R{Si,62), then 



sup \ v^ 



<C 



*a|lLi(fl(5i,52)) 



where C > is independent of a and i. By H7.49|l and (|7.51|) . and since Si < 82 are 
arbitrary, this implies the above claim that (|7.44() is true. In particular, combining 
(|7.4()|l . H7.41(l . and H7.44|l . we get with standard elliptic theory (see, for instance. 
Theorem 9.11 in Gilbarg-Trudinger [221) ^^1^^ the u^'s are uniformly bounded in 
H^{n) for all p e (1,;^), all i, and all VL CC R"\5. By standard bootstrap 
arguments, it follows that the u^'s are uniformly bounded in -fff (^) fo^' all P > 1, 
all «, and all CC R"\iS. By the Sobolev embedding theorem we may then assume 
that, up to a subsequence, and for all i, the u^'s converge in C;^^^(R"\5) to some 
nonnegative Ui as a ^ +00. By (|7.40() . and H7.41|l . see also (|7.2(l . the UiS are 
harmonic in IR"\iS. Let us now write that S = {xi^ . . . where xi = 0. By 

classical results in harmonic analysis, see, for instance, Veron 54 , since the UiS 
are both harmonic and nonnegative in we can write that for any i, there 

exists a harmonic function ^lii : M" — > M, and real numbers A* S K, such that 



Ui{x) 



(7.52) 



for all x S R"\iS. Since Ui > 0, the harmonic function ipi is bounded from below. 
By Liouville's theorem we then get that ipi is constant. Clearly, since Ui > 0, we 
also have that the Ays are nonnegative. Letting (pi be given by 



(p,{x) 



J=2 



(7.53) 
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the ^piS are harmonic in Bo{6) for some (5 > smah, and nonnegative. Then, since 
the ujj's converge to in C;i„^(M"\5), we get with (f7^ and (fr5^ that 

A- 

in Cl^^{Bo{6)\{0}) for all i, where Ai — A\ is nonnegative. In particular, (|7.36|) 
holds true, and this proves Step 17. 6| □ 

As a remark, note we proved a slightly more general result than the one in Step 
17.61 Namely that there exists a finite subset S of M", given by (|7.38l) . such that, 
up to a subsequence, and for any i, 

^^^(")-E |,,4|»-2 +-^' (7-54) 

in Cl^^{W^\S) as a — > +oo, where the A^s, and if^'s are nonnegative constants, and 
where the Xj^a, j — 1, . . . ,m, are the points in S. Now, going on with the proof of 
Theorem 17. II wc claim that if the —A{a)'s are cooperative for all a, then at least 
one of the Ai's in (|7.3t)|) is positive. This is the best we can prove in the sense that 
it might be that one and only one of the ^^'s is positive. Easy such examples (for 
instance, on the sphere) can be exhibited. Step 17.71 states as follows. 

Step 7.7. Let {Ua)a be a bounded sequence in p(M) of nonnegative solutions 
of j7.-?| ) which blows up. If the —A(a) 's are cooperative for all a, then at least one 
of the Ai 's in ^7.36]) is positive. 

Proof of Step \ 7. 7| We prove that if the — ^(q;)'s are cooperative for all a, then we 
have that Ai > 0, where i is such that Xa = Xj^^ for some j, and the xj^'s are 
the centers of the 1-bubbles (Bj^^)^ in H4.10|l from which the p-bubbles {Bj^a)aS 
in (|4.9|l are defined. By H7.5|l . i ~ 1. We let Lg be the operator acting on functions 
given by LgU = AgU + Af^u. By H7.2|l . the operators Ag + A{a) are coercive for a 
sufficiently large. Up to passing to a subsequence, we can assume they are coercive 
for all a. Then, as is easily checked by considering p-maps like U — (u, 0, . . . , 0), 
is also coercive for all a. We let Ga be the Green's function of Lg. By H7.2|l . and 
standard properties of Green's functions (see, for instance, appendix A in Druet, 
Hebey and Robert [201 )i we can write that there exists C > such that 

G„(x,y)>— ^— ^ (7.55) 
dg{x,yy^ ^ 

for all a, and all x ^ y. Up to passing to another subsequence, we also assume in 
what follows that the ratios dg(xa, x'^ a)/ f-a have limits (possibly +oo) as a — > +oo, 
for all i,j, where the /x^'s are given by (|7.4|) and (|7.5|) . We let Si < S2, ^1,62 > 0, 
be such that [5i,(52] does not contain any such limits. Then, there exists C > 
such that 

dg {xj^^,exp^^{nax)) > Cfia (7.56) 

for all X e Bo{S2)\Bo{Si), all i,j, and all a (up to passing to a subsequence so that 
we only have to consider large a's). Let be the function given by 



1,-2 



Vaix) ^ Ha^ ul {exp^^ifiax)) . (7.57) 
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By Theorem l5n and (fr5?)jl . there exists C > such that < C in Boi62)\Bo{Si) 
for all a. In particular, we can write that 



Kr dvg^ < C / [v'^Y -'dvg^ (7.58) 

Bo{S2)\Bo{5i) J Bo{S2)\Bo{Si) 

where ga is the metric given by ga{x) — (exp*^ 5) (/iax). Clearly, ga ^ ^ in C'^{K) 
as a ^ +00 for all CC M". By Theorem 14.11 and more precisely H4.10|l that we 
consider for i = 1, we have that 

Bo(52)\Bo('5i) J B^^(S2^i^)\B^^(S^^,^) 

. (7.59) 

> / Bl*dVg+oil) 

for all a, where {Ba)a is the 1-bubble of center the x^'s and weights the fiaS, and 
where o(l) — > as a — > +00. We also have that 

/ Bl*dvg ^ [ u^^dvg^ , (7.60) 

where u is given by (|4.5|l . Combining H7.59|l and (|7.fi()|l . it follows that 

{vifdvg^ > C (7.61) 

Bo(S2)\Bo{Si) 

for all a, where C > is independent of a, and the v^^^s are given by H7.57|l . We 
let 5 > small as in Step O For x € So(5)\{0}, y S Bo{52)\Bo{Si), and a 
sufficiently large such that x ^ ^/Jj^y, we let also Ga{x^ y) be given by 

G'Q(x,y) = Gq (exp^^(^//I^a;),exp^^(^Q?/)) . (7.62) 

By CH, = ~ E,^i A%ui. We fix x. Then, 



uiix)^ Ga{exp^^{y^x),y) {ul^f ^{y)dvg{y) 

JM 

f (7.63) 

- V / Ga (exp^^(V7i^a;),y) A'^j{y)ui{y)dvg{y) , 

and since we assumed that the — yl(a)'s are cooperative for all a, we can write that 
ulix)> [ Ga{exp^J^x),y)iulf-\y)dvg{y) (7.64) 

JM 

for all a sufficiently large. By (|7.64|l we also have that 

Ua{x)> / Ga{exp^^iy/JI^x),y) {ulf ^\y)dvg{y) 

>M«^ / Ga(a:,y)(i;i)2*-l(y)dt;3Jy) , 

"'-Bo(<52)\Bo(<5i) 
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while, by lf735|l . 



> 



C 



in-2 



(7.66) 





, in-2 


|a; — . 





for all y g _Bo((52)\So((5i), and all a sufficiently large. Combining (|7.58() . H7.61|l . 
()7.65|l . and (|7.66(l . we get that there exists C > such that 

u,(x)>^^ (7.67) 
for all X e i3o(i5)\{0}, where mi is the C;^j,^-liniit of the uj^'s (which exists by Step 

EH). By (jZ3Sl), 

for all a; G _Bo(<5)\{0}, where (ySi is harmonic in Bq{5). In particular, it follows from 
(TT^ and that Ai > 0. This proves StepO □ 



The last step in the proof of Theorem 17. II is as follows. 

Step 7.8. Let {Ua)a be a hounded sequence in ^{M) of nonnegative solutions 
of which blows up. If the ~'A{a) 's are cooperative for all a, the limit system 
l |7.5[) is fully coupled, andlA^ ^ 0, where is as in Theorem \4-.l\ then the ipi 's in 
\7.3b\l are positive functions in Bq(6) for all i. 

Proof of Step \ 7. 8\ By (|7.2|) . the limit map — A is cooperative when the — A(a)'s are 
assumed to be cooperative. Assuming that U'^ ^ 0, since the limit system (|7.3ll is 
also fully coupled and U° is a solution of (|7.3|l . we get, see Lemma [TTTl in Section ^ 
that > for all i, where the u°'s are the components of U^. We fix j = 1, . . . ,p. 
Then we let Lg be the operator given by LgU — AgU + Af^u, and let Gq, be the 
Green's function of Lg. As already mentionned, see (|7.54|) . there exists a finite 
subset S of M", such that, up to a subsequence, 

^ — ' \x — Xj r 

j=i I J I 

in C/q^(R"\5) as a +oo, where the A^s and KiS, are nonnegative constants, 
and the a;j's, j = 1, . . . , to, are the points in S. We let x e M"\{0}. Like in H7.63|l . 
we can write that 




(7.70) 
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for all a, where the Xa's and ^q's are given by (|7.4|l and (|7.5(l . Then, by (j7.7Q(l . 



~ V / G„ (exp^^(77Z;rx),?/) Afj (yX(2/)dwg(?/) 

for all a and r > small, where xq is the limit of the Xq's, and since the — ^(q;)'s 
are cooperative, we can write that 



(7.71) 



> / Ga (exp^^(^7i;ra;),y) \y)dvg{y) 

JM\B^g(r) 

- V / Ga (exp^^ (VM^a;), y) Afj{y)ui{y)dvg{y) 

for all a and r > small. Letting a +oo, it follows from (|7.71l) that 
Ux) > ( Gixo,y)iu'if-\y)dvgiy) 

-Y. I G{xo,y)A,{y)u°{y)dvg{y) 

JM\B^„ir) 

where Ui is the G/^^-limit of the u^'s in R"\5, and G is the Green's function of 
Ag + Aii. Then, letting r ^ 0, we get that 



Mx) > / Gixo,y)iufr -\y)dvg{y) 

I M 

"X! [_G {xo,y) A^j{y)u°{y)dvg{y) 



M 



since is a solution of the limit system (|7.3|l . By H7.69|l . letting ^ +oo, we 
then get that Ki > u^{xo), and hence that Ki > for all i. Since (pi in H7.36|l is 
given by 

X3e5\{0} 

and since the ^^s are nonnegative, it follows that the ifi^s are positive functions in 
Bq{S) for aU i. This proves StepOl □ 

Clearly Theorem O follows from Steps O to O The proof of Theorem Ol 
proceeds as follows. 

Proof of Theorem \7.1\ We let the A(a)'s be such that H7.2|l is satisfied, and let 
(Via) a be a bounded sequence in p{M) of nonnegative solutions of H7.1|l which 
blows up. By Step 17.61 there exist S > 0, nonnegative real numbers Ai, and 
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harmonic functions ipi : Bo{S) R, i — 1, . . . ,p, such that, up to a subsequence, 
for any i, 

A- 

^"(^) ^ ^rpi^ + '^''(-^) 

in C/q^ (Bo(<5)\{0}) as a — > +00, where the u^'s are given by H7.6() . By Step 17.71 
if we assume that the — yl(a)'s are cooperative for all a, then at least one of the 
Ai's is positive. By Step 17.81 if we also assume that the limit system (|7.3ll is fully 
coupled, and that ^ 0, where U'^ is as in Theorem 14. II then the (pi's are positive 
functions in Bq{S) for all i. This ends the proof of Theorem 17. II □ 

Let 7^ = ^ifiiO). By TheoremO 7^ > if we assume that the -A(a)'s 

are cooperative for all a, that U'^ ^ 0, and that the limit system H7.3|l is fully 
coupled. If we drop this assumption that the limit system (|7.3|l should be fully 
coupled, and assume only that the — j4(a)'s are cooperative for all a and that 
U'^ ^ 0, we might get that TZ — 0. For instance, if uq is a positive solution of 
the Yamabe equation p.2() on the unit sphere, and (wq)q is a blowing-up sequence 
of positive solutions of (|1.2|l . then Ua — ("o, Ua) is a solution of H7.1|) on the unit 
sphere, where p = 2 and A{a) is such that A^^ = , A12 = 0, and A22 = "^"4"^^ 

for all a. Here = {uq, 0) is not zero. However, TZ = 0. 

8. Standard rescaling 

In what follows we let (M, g) be a smooth compact Riemannian manifold of 
dimension n > 3, p > 1 integer, and {A{a))^, a S N, be a sequence of smooth maps 
A{a) : M M^{R). We let also A{a) = {Afj), and consider systems like 

p 

AgU,+J2^?3ix)Uj = \u^f'^U^ (8.1) 

in M, for all ? = 1, . . .p. We assume that the A(a)'s satisfy that there exists a 
C°'^-map A: M ^ M^{R), A= {Aij) and < 6i < 1, such that 

A"^ A,j in C°-%M) (8.2) 

for all i, j as a — > +oo. We let {Ua)a, l^a ^ 0, be a bounded sequence in ^{AI) of 
nonnegative solutions of (|8.1(l . In particular, the sequence {iUa)a is a Palais-Smale 
sequence for (|8.1(l and we can apply Theorem 14. II Up to a subsequence, (|4.9(l and 
(|4.1()|l hold. In what follows, we assume that the sequence blows up and let the 
Q,'s and /i* „'s be the centers and weights of the 1-bubbles (i?] ^)^ in (|4.1U|) from 
which the p-bubbles {Bj,a)a's in H4.9|l are defined, where i — 1, . . . ,p, j ~ 1, . . . ,ki, 
and ki = k. We fix — 1, . . . ,p and jo = 1, • • ■ , arbitrary. Then, for xq e M", 
we define ia € R" and > by 

Xq = exp >o ifiaXo) and = /^*" ^ , (8.3) 

JO. a ■ 

for all a, where the notation exp^ stands for the exponential map at x. We also 
define the standard rescaled functions of the w^'s with respect to the Xq's and 
jla's, i = l,...,p,hy 

7^-2 

K{x)=fia^ < (exp£ jAaa;)) , (8.4) 

where x G Bo{l), the x^s and /Xq's are as in H8.3|l . and Ua — {Ua, ■ ■ ■ ,w^) for all 
a. We claim here that the following convergence result holds. 
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Theorem 8.1 (Standard Rescaling). Let [M,g) he a smooth compact Riemannian 
manifold of dimension n > p > 1, and {A{a))^ a sequence of smooth maps 
A[a) : M — > Mp(R) satisfying ^8. Let {hla)a be a bounded sequence in ^{M) 
of nonnegative solutions of 1^8. l\l which blows up. Then there exist 6 > 0, and 
Xq € M" such that, up to a subsequence, for any i, 

u\^u, inC^{BQ{5)) (8.5) 

as a — > +00, where is given by J^8.k^) - ^^~^ , and the Ui's are nonnegative (not 
all trivial) solutions of the Euclidean equation Am = in R". 

The Mi's, i — 1, . . . ,p, see the discussion at the beginning of Section 0] can be 
written as 

u.{x) = I T^^z^ I (8.6) 



n{n-2) 

where x G M", Xi > 0, and Xi E M". An equivalent statement to the statement that 
the Ui's are not aU trivial is that at least one of the A^'s is positive. 

Proof. First we claim that we can choose xq E M", |a;o| > small, such that, up to 
a subsequence, 

dg{Xa,x] J >Rfla (8.7) 

for all a and all i,j, where R > small is independent of a, i, and j. In order 
to prove H8.7|l . we let Xa = a;* ^ when i — i^ and j = Jq. Up to passing to a 
subsequence, we can assume that the ratios dg{xa,x'j,^)/ fia have limits (possibly 
+00) as a ^ +00, for all We write that 

A!.= hm ^e(^^1i3A^ 

and let Ti. be the set consisting of the i, j's such that > 0. Let A > be such 
that A < Aj for aU i,j E H. We choose xo E M" such that |a;o| < A/2. If i,j E H, 
then 

dg{xa,Xj^^^ ^ Q,) dg{Xa,Xa) 

dg {Xa, Xj a) I I 

- ^ l^ol 

Pa 

> |2:o| 

for a large, and we get that 1)8. 7|) holds true for any such i, j's. If, on the contrary, 
i,j ^ H, then A* = 0, and 

dg ^ dg{Xa,Xa) _ dg (xg^xl^) 

Ma Ma Ma 

_ I I dg {Xa, 

— \Xq \ — 



> 



Ma 

Ifol 
2 

for a large and, here again, we get that (|8.7II holds true. Clearly, this proves that 
we can choose xq € K", \xo\ > small, such that, up to a subsequence, (|8.7|) is 
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true. Let 60 > small such that 2So < R, where i? > is as in (|8.7(l . By (|8.7(l . we 
can write that for any x G Bo(6o), any i, j, and any a, 

dg (a;} „,exp^^(/i„a;)) > (a;},a,ia) - rfg (x^, exp^^ (/i„a;)) 

By Theoreni l5.1l it follows from H8.8|l that the uj^'s are uniformly bounded in Bo{6q). 
They are solutions of the system 

for all i, where 

gaix) = (exp^^ 5) (fiax) and (x) = (exp^^ . 

Clearly, 5a ^ C in C^iK) for any K CC M", where ^ is the Euclidean metric. 
Then, since the u^'s are uniformly bounded in Bo{6o), it follows from (|8.2|) . H8.9|l . 
and standard elliptic theory, that the m^'s are uniformly bounded in C^'^ (i?o(^i)) 
for 5i < So, where < 6* < 1. Up to a subsequence, we may then assume that 
""a ^ ""i in (i?o('5)) as a — > +00, for some 6 > small, and all i. By rescaling 
invariance, the u^'s are bounded in Hf {Bo{R')) for all R' > 0. Up to passing to 
another subsequence, we may therefore assume that we also have that ^ Vi 
weakly in 77^;^^(R"), that wj^ Vi strongly in L^q^(R"), and that u^^ Vi almost 
everywhere, for all i. We can also write that 

weakly in Lf„^(R") for aU i, where s = 2*/(2* - 1). Then, we get with and 
(|8.9|) that the Vi's are nonnegative solutions of the Euclidean equation Am = ~^ 
in M". Clearly, we also have that Vi — Ui in Bq{5), for all i. It follows that there 
exist (5 > 0, and xq G R" such that, up to a subsequence, and for any i, 

uj.->M, iivC''{BQ{6)) (8.10) 

as a — > +CX), where the uts are nonnegative solutions of the Euclidean equation 
Au = ~^ in M". Now it remains to prove that the w^'s are not all trivial. We 
prove in what follows that Ui^ ^ 0, and hence that Ui^ is everywhere positive in 
M". By Theorem 14.11 given < r < i^, we can write that 



L 



dvg> / [BI J' dvg + o{l), (8.11) 



where o(l) — + as a — > +00, and {Bf^ a)a is the 1-bubblc of centers the XaS and 
weights the /ta's. By rescaling invariance, and (|8.1U|) . we also have that 



Bo(r) 



(8.12) 

Uildx + o{l) , 
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where o(l) ^ as a ^ +00, since ^q, — > ^ as a ^ +00. Independently, 



BZJ' dVg = / dVg^ , (8.13) 



Jo 

where u is given by (|4.5|l . c/a is the metric given by ga{x) = (exp~^ g) (fiax), and 

As is easily checked, there exists to > such that Bxg{to) C for all a. Hence, 

(8.14) 



dvg^ > dvg 



> dx + 0(1) , 

where o(l) — *■ as a — *■ +00, since we also have that ^q, — > ^ as a — > +00. 
Combining (|8.11|) ~ ()8.14|l . letting a +00, we get that 

dx > dx > , 

Bo{r) ' JB^^ito) 

and it follows that u,„ ^ 0. In particular, the u^'s are not all trivial. Together with 
(OUji . this ends the proof of Theorem O □ 

An easy but important corollary to Theorem 18. II is as follows. 

Corollary 8.1. Let {M,g) be a smooth compact Riemannian manifold of dimen- 
sion n > 3, p > 1, and {A{a))^ a sequence of smooth maps A{a) : M — s- Afp(R) 
satisfying ^8.2\) . Let {Ua)a be a bounded sequence in ^(M) of nonnegative solu- 
tions of which blows up. For any ^ > there exists C > such that, up to a 
subsequence, 

P r 

J2 / «fdvg > Cfil , (8.15) 

where Ua — (m^, ■ . ■ ,1*^) for all a, and the Xa 's and fia 's are given by ^7.4}) and 
J7.5| ) in Section^ 

Proof. Let Xa and fia be given by H7.4|l and H7.5|l . By Theorem 18.11 there exists 
xq G K." and 6q > such that, up to a subsequence, for any i, u]^ —f Ui in 
(i3o('5o)) as a ^ +00, where -u^ is given by 

Tl-2 

u'^ix) ^ < (exp£^(Maa;)) , 

where Xa = exp^ (/iaXo), and the Mi's are nonnegative (not all trivial) solutions 
of the Euclidean equation Au = ~^ in R". Let (5 > be given, and 5i = 6q/2. 
Clearly, 

for a large. In particular, we can write that, up to a subsequence. 
Pi- p r 

(ulfdvg 



~1 Jb„(5,) 



(8.16) 
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where Qa is the metric given by 

Clearly, ^ C'^{K) for all CC K" as a — > +00. We also have that — > ui 
in C" (i?o(^o)) as a +00, for all i. Since the Mi's are not all trivial, so that at 
least one of the u^'s is a positive function, we can write that, up to a subsequence, 

for all a. Combining l|8.16|l and 18.17|l . we get that H8.15|l holds true. This proves 
Corollary EU □ 

By changing the x^'s in the estimates (17.7(1 of Theorem 17. II as in ()8.3|l . we can 
ask to have both the estimates (|8.5|) of Theorem 18.11 and the estimates (|7.7f) of 
Theorem 17.11 In order to see this, we assume in the sequel that (|7.2|l holds. We 
let also /Iq stand for the largest weight among all the possible weights ^, and Xa 
stand for the corresponding x'j ^. Up to renumbering, and up to a subsequence, we 
can assume that the Xq's and ^q's correspond to the choice i — j = 1. Then ((7.4|l 
and (|7.5|l hold. For xq € M", we let Xa G be given by the first equation in (|8.3|) 
when io = jo = 1- Namely, 

Xa = exp^^ ifJ.aXo) , (8.18) 

and, as in (|8.4|l . we define the standard rescaled function of uj^ with respect to 
Xa and fia — fJ-a by 

iiaix) = fi^ < (expi^l^ax)) , (8.19) 

where x e Bo{l), i = I, . . . ,p, and Ua = (w^, . . . ,u^)- Given i? > 0, we let Bo{R) 
be the Euclidean ball centered at of radius i?, and let : Bq (R) be given 

by 

fa{x) = ^=exp-^ {exp^^{y/JI^x)) , (8.20) 

V Ma 

where x £ Bo{R), and Xa is as in (|8.18|l . It is easily seen that there exists C > 
such that 

C 

\faix) - x\ < —=dg{Xa,Xa) 



/Mo 

for all X G Bq{R) and all a. In particular, 

lim I sup \faix)~x\]^0. (8.21) 

\xeBo{R) J 

Choosing i? 1, we then get with Theorem 17. II and (|8.21|l that there exist S > 0, 
nonnegative real numbers Ai, and harmonic functions ipi : Bq(S) M., i — I, . . . ,p, 
such that up to a subsequence, for any i, 

<i^)^J^+V^^i^) (8-22) 

in C"q^ (i?o(^)\{0}) as a ^ +00, where Ua — {Ua, . . . , u^^), the u^'s are the rescaled 
functions given by 

Ua{x) = u\ (exp£^ (Vm^2;)) , 
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Xa is as in (|8.18|l . and xq E M" is arbitrary. Independently, by Theorem l8.ll we also 
have that for a suitable choice of xo, and for S > small, Ui in {Bq{5)) 

as a ^ +00, where the u^'s are given by (|8.19|) . and the m^'s are nonnegative (non 
all trivial) solutions of the Euclidean equation Am = ~^ in R". In particular, 
by slightly changing the cCq's in the estimates of Theorem 17. II as in (|8.18|l . we can 
ask to have both the estimates (18 .511 of Theorem 18.11 and the estimates H8.22|l of 
Theorem rm 



9. Pseudo-compactness and compactness 

In what follows we let (M, 17) be a smooth compact Riemannian manifold of 
dimension n> i, p> 1 integer, and {A{a))^, a G N, be a sequence of smooth maps 
A{a) : M Af^(M). We let also A{a) = (Afj), and consider systems Hke 

p 

Agu,+J2^?ji^>j - \u^f-^u^ (9.1) 

in M, for all i = 1, . . .p. We assume that the A(a)'s satisfy that there exists a 
C^-map A: M ^ M^(R), A^ (Ay), such that 

+ A is coercive, and 

(9 2) 

A% A^ in C\M) ^ ■ ^ 

as a ^ +00, where the second equation in 19.2|l should hold for all The limit 
system we get by combining (I9.1|l and H9.2|l reads as 



AgUi + y Aij{x)uj ^ \ui\'^ '^Ui (9.3) 



_ |2 -2„ 



in M, for all i = 1, . . .p. The goal in this section is to prove compactness results 
for sequences of nonnegative nontrivial solutions of (|9.1(l . Compactness for second 
order scalar equations goes back to the remarkable work of Schoen 03 QHl QHI on 
the Yamabe equation 

n — 2 

+ 4(^_^) gg^ = u^-' , (9.4) 

where Sg is the scalar curvature of g. Compactness for scalar curvature type equa- 
tions was also discussed in Devillanova and Solimini ^3], Druet ^lE], Druet and 
Hebey ^21 , Khuri and Schoen , Li and Zhu |HZ| , Li and Zhang IHEI , and 
Marques 001 ■ A possible survey reference is Druet and Hebey ^HI- We refer also 
to Druet, Hebey and Robert ^1 EOI where the blow-up analysis used in is 
developed. The dynamical viewpoint, in the sense of the terminology introduced in 
Hebey where we discuss sequences of equations and not only one equation, is 
considered in Druet ^^Ij Druet and Hebey and Druet, Hebey and Robert 

^lEOj. With this viewpoint, that we also adopt here, several blow-up phenomena 
can be made concrete in specific examples. In particular, we can construct examples 
of sequences of solutions with no a priori bound on the energy, or which blow up 
with an arbitrary number of bubbles in their Sobolev decomposition and an arbi- 
trary number of geometrical blow-up points. In the case of systems, by combining 
the examples in Druet and Hebey |17j with the construction at the beginning of 
Sectional we get that the following result holds. 
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Proposition 9.1. Let {M,g) be a space form of positive curvature +1, and dimen- 
sion n > 6. Let also s = ±1. There exist sequences {ha)a, {ha)a of smooth func- 
tions, converging in C^{M) to 4(^"l^i) Sg, and sequences {ea)a, {Sa)a, o,i^d {l3a)a of 
smooth positive functions, converging to in C^{M), such that the 2-systems ^9.1}) . 
where p = 2 and 

are fully coupled, and possess sequences of strictly positive solutions with either no 
bound on their Hi 2-norm, or which blow up with an arbitrary number of bubbles in 
their Sobolev decomposition and an arbitrary number of geometrical blow-up points. 

By a sequence of solutions which blows up with an arbitrary number of bubbles in 
its Sobolev decomposition and an arbitrary number of geometrical blow-up points, 
we mean here that the components of the solutions have an arbitrary number rui 
of bubbles in their i?^-decomposition (|4.1U|) , and that the set of geometrical blow- 
up points can be chosen with any number m < ^ of points. In particular, 
when TO < there are distinct bubbles which accumulate on the same point. 

Refinements where we also control the number of bubbles which accumulate on a 
given point are possible. Depending on whether s = —1 or ,s = +1, —A{a) or A{a) 
in (|9.5|l is cooperative. 

Proof, (i) We prove that there are 2-systems like (|9.1|) . where A{a) is as in H9.5|l . 
which are fully coupled, and possess sequences of strictly positive solutions which 
blow up in any possible configuration. We fix toi, TO2, to, and s = ±1. Let qi,q2 
integers such that m — qi -\- q2, qi < toi, and q2 < TO2. By the examples in 
Druet and Hebey ^7], see also ^SIj there exist sequences {ha)a, (ha)a of smooth 
functions, converging in C^{M) to Sg, and sequences {ua)a and {ua)a of 

positive solutions of the scalar equations 

AgUa + haUa = and 

such that the Ua's have toi bubbles in their i7^-decomposition, and qi geometrical 
blow-up points, and such that the Ua's have TO2 bubbles in their i7^-decomposition, 
and 92 geometrical blow-up points. We let (Pa) a be a sequence of positive functions 
converging to in C^(M). We choose the /3q,'s sufficiently small in the C-'^-norm 
such that PaVa and /3qWq ^ in C^{M) as a ^ -|-oo, where Va = Ua/ua and 
Wa = Ua/ua. Letting the e^'s and e^s be given by 

£ct~Z — S'cK — Pa ('^■'^) 
Ua Ua 

for all a, the sequences {ea)a and {ea)a consist of positive functions and converge 
to in C^{AI). Moreover, by combining H9.6|l and (|9.7|) . we get that the Ua's given 
by Ua = {ua,Ua) for all a, are solutions of the 2-systems H9.1II . where the A(a)'s 
are as in (|9.5|l . and the sequences {h^^ct: {l^a^a: (^0)0? (^a)ai and (/?a)Q are as 
above. The systems are fully coupled, the components of the Ua's have rrii bubbles 
in their Sobolev decomposition, and the set of geometrical blow-up points consists 
of TO points. In particular, there are 2-systems like H9.1|l . where A{a) is as in H9.5|l . 
which are fully coupled, and possess sequences of strictly positive solutions which 
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blow up with an arbitrary number of bubbles in their Sobolev decomposition and 
an arbitrary number of geometrical blow-up points.. 

(ii) We prove that there are 2-systems like (19.1(1 . where A{a) is as in ((9.5(1 . which 
are fully coupled, and possess sequences of strictly positive solutions with no bound 
on their iJ^j'^orm. By the examples in Druet and Hebey 17 , see also (18,, there 
are sequences {ha)a of smooth functions, converging in C^{M) to ■4^^Sg, and 
sequences {ua)a of positive solutions of the scalar equations 

AgUa + haUa = "\ (9.8) 

such that 

lim ||uq||^2 — +00 . 

a — >-\-oo 1 

We let {ea)a be a sequence of positive functions converging to in C^{M). Letting 
£a = Pa = £a, and ha = ha for all a, the Ua's given by Ua = (ua, Ua) for all a, are 
solutions of the 2-systems (19.1(1 . where the A(a)'s are as in ((9.5(1 . The systems are 
fully coupled, and the components of the W^'s have no bound on their _ff^-norm. 
In particular, there are 2-systems like 1(9.1(1 . where A{a) is as in 1(9.5(1 . which are 
fully coupled, and possess sequences of strictly positive solutions with no bound on 
their iff 2"iiorm. Together with (i), this ends the proof of the Proposition. □ 

There are several notions of compactness in the literature. We distinguish two 
notions in this paper: •pseudo-compactness, and compactness. The family ((9.1() 
is said to be pseudo- compact if for any bounded sequence (lAa)a in Hlp{M) of 
nontrivial nonnegative solutions of ((9.1(1 which converges weakly in Hfp{M), the 
weak limit U'^ of the Ua's is not zero, and thus is a nonnegative nontrivial solution 
of the limit system (19.3(1 . In contrast, we say that the family ((9.1(1 is compact if any 
bounded sequence {Ua)a in Hf p{M) of nonnegative solutions of ((9.111 is actually 
bounded in C^'^{M), < 6* < 1, and thus converges, up to a subsequence, in 
C^(M) to some p-map U°, where the bound in C'^'^M) and the convergence m 
C'^{M) have to be understood for the components of the Ua'& and . Because of 
the examples in Proposition l9.1l we need to assume a bound on the energy in these 
definitions. In terms of the _fff -decomposition 

fe 

Ua^U"+Y, Bj.a + 7^a 

J = l 

of the Ua's, given by Theorem 14.11 pseudo-compactness reduces to ^ 0, and, 
by the pointwise estimates in Section Eland elliptic theory, compactness reduces to 
k = 0. Compactness is clearly a stronger notion than pseudo-compactness. Indeed, 
by ((9.2(1 . we easily get that if fc = 0, then U^ ^ 0. In order to see this we can write, 
as in Sectional that 

f \UafdVg > CilAiUa) 
J M 

> 02(^1 JUafdVg 

where Ci,C2 > are independent of a, and I a is given by ((2.4(1 . In particular, if 
the Ua's are nonzero, then 

\\Uah^ > C3 
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for all a and some C3 > independent of a, so that U'-* ^ ii k = 0. Pseudo- 
compactness provides the existence of a nontrivial solution of the limit system 
(|9.3|) . Compactness is closely related to the a priori estimates one needs to prove 
to develop a Morse theory for systems like H9.1|l . For minimal energy sequences, as 
studied in Hebey j25| . pseudo-compactness and compactness are one and only one 
notion. Compactness and a priori estimates for nonlinear (in general subcritical) 
systems in bounded domains of the Euclidean space, or for the critical Toda system 
on Riemann surfaces, are discussed in Angenent and Van der Vorst [2 El, Clement, 
Manasevich and Mitidieri ^U], De Figueiredo JT], Jost, Lin and Wang ^T^, Jost 
and Wang 31 , Montenegro and Qing 

We know from the work of Schoen [471 148L 0^1 that the Yamabe equation on 
manifolds conformally distinct to the sphere is compact. Related references are 
Druet ^nii Khuri and Schoen [33], Li and Zhu [37|, Li and Zhang [3311321, and 

Marques 001 ■ A very elegant proof of this compactness result is in Schoen 0^1 
when the manifold is assumed to be conformally flat. In particular, it follows from 
this result that for manifolds distinct to the sphere, the trivially coupled system 
consisting of p-copies of the Yamabe equation is compact. We prove here that 
our systems H9.1|l are also compact when their coupling stands far from this trivial 
coupling. By far we mean here that one of the three following situations occur: 

(Al) A - 4"„1^i) Sgldp has a sign, or 

(A2) Au < ii0rj^9 for aU i, or 

(A3) Au > j^Sg for aU i, 

where A is the limit map in (|9.2I) . Sg is the scalar curvature of g, I dp is the p x p- 
idcntity matrix, and, for B : M Afp(R), we say that B has a sign if cither 
B{x).{X,X) < for any x G M and any X G Kp\{0}, or B{x).{X,X) > for 
any x G M and any X G Rp\{0}. Because of the dynamical viewpoint we adopted 
here, and the examples in ProDOsition l9.1l we need to assume conditions like (Al), 
(A2), or (A3) in order to get pseudo-compactness or compactness. Actually, it is 
easily seen that we also need to assume more than (A2) or (A3), as indicated in 
the remark below. 

Remark 9.1: Conditions like (A2) or (A3) alone are not sufficient to guarantee 
compactness (or pseudo-compactness). Let, for instance, {ua)a be a blowing-up 
sequence of solutions of the Yamabe equation on the sphere, and Ua = (ua, Ua) for 
all a. Let also a, b, c be real numbers such that 

a + b = b + c= , 

4 

and a, c > 0. Then {Ua)a is a blowing-up sequence of solutions of the 2-system 



Agg u + au + bv = u 
Agg V -\- bu + cv = V 



2-1 

2*-l 



and we can choose a, b, and c such that the matrix in the system is coercive and 
either a, c < "^"^"^-^ , or a, c > , in the first case & > 0, and A is cooperative. 

In the second case, 5 < and —A is cooperative. 

Our compactness result states as follows. With respect to the examples we just 
discussed in Remark 9.1, the assertions in Theorem 19 . 1 1 that the — ^(a)'s should be 
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cooperative when we assume (A2), or that the ^(a)'s should be cooperative when 
we assume (A3), are sharp. 

Theorem 9.1 (Compactness). Let {M,g) be a smooth compact conformally flat 
Riemannian manifold of dimension n > 4, p > 1, and {A{a))^ a sequence of 
smooth maps A{a) : M M^{R) satisfying IffJ^) . If (Al) holds, then the family 
\9. 1\) is pseudo- compact when n > 4, and compact when n > 7. If (A2) holds, 
and the ^A(a) 's are cooperative for all a, then the family \9. 1\) is pseudo- compact 
when n > 4, and compact when n > 7. It is also compact when n > A if we assume 
in addition that the limit system ^9.S}) is fully coupled. At last, if (A3) holds, and 
the A{a) 's are cooperative for all a, then the family 1^9. 1\} is pseudo- compact when 
n> A, and compact when n > 7. 

We prove Theorem 19 . 1 1 bv proving first the pseudo-compactness part, and then 
the compactness part of the theorem. For both these parts, the proof is by con- 
tradiction. We use in the process the blow-up theory developed in Sections 0] to 
IHl We also use conformal invariance, and an independent relation given by the Eu- 
clidean Pohozaev identity H9.9|l below. The key estimate for pseudo-compactness 
is L^-concentration in Section |B| The key estimate for compactness is the sharp 
asymptotic in Section [3 For fl a smooth bounded domain in the Euclidean space, 
and u a smooth function in fi, the Pohozaev identity we use in the sequel reads as 

n — 2 f 

{x^dku)/\udx H / u{/S.u)dx 



{x''dku)d^uda+]- ( {x , v)\V u\'^ da (9.9) 
an 2 Jq^ 

( ud^uda , 

2 Jan 

where A is the Euclidean Laplacian, v is the outward unit normal to da is the 
Euclidean volume element on dfl, and there is a sum over k from 1 to n. We easily 
get (|9.9|l by integrating by parts the first term in the left hand side of H9.9|) . As one 
can check from the proof of the theorem, see below, the pseudo-compactness part 
in Theorem 19. II and the compactness part when n > 7, are also true if we assume 
that (A2) holds and —A is cooperative, or that (A3) holds and A is cooperative, 
where A is the limit of the v4(a)'s in l|9.2|l . 

Proof of Theorem \9.1\ We prove Theorem 19.11 bv contradiction, and, as already 
mentionned, we proceed in two steps by proving first the pseudo-compactness part 
of the theorem, and then the compactness part of the theorem. In what follows, we 
let {Ua)a be a bounded sequence in Hlp{M) of nontrivial nonnegative solutions of 
(|9.1|) . We assume that the UaS blow up. Up to a subsequence, we may then write 
that 

k 

Uc,=U" + ^Bj,a+'R-a , (9.10) 

where U'^ is a weak nonnegative solution of the limit system H9.3|) . the {Bj,a)a^s 
are j3-bubbles, and the T^^'s converge strongly to in Ilf p{M) as a ^ -|-oo. First 
we prove that, under the assumptions concerning pseudo-compactness in Theorem 
19.11 we have that ^ in H9.10|l . Then we prove that, under the assumptions 
concerning compactness in Theorem 19.11 we also get that fc = in (|9.1U|) . We 
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let Sgeom be the set consisting of the geometrical blow-up points of the sequence 
{Ua)a- We let also the w^'s be the components of the Z^q's. In the first case, when 
proving pseudo-compactness, we apply H9.9|l to the u^'s on balls Bxi{5)^ (5 > 0, 
where Xi e Sgeom- In the second case, when proving compactness, we apply (|9.9|l 
on the smaller balls Bx^ {S^JJiZ), (5 > 0, where stand for the largest weight among 
all the possible weights of the bubbles in H9.10|l , and x^ stand for the corresponding 
center in H9.10|l . 



Proof of pseudo- compactness. We assume that lA^ = in H9.10|l . Let xq G Sgeom- 
Since g is conformally flat, there exist 5 > and a conformal metric g to g such 
that g is flat in Bxg{4:S)- Let g = (^''/'^""^^g, where f is smooth and positive, and 
— '^aV^^ for and i. By conformal invariance of the conformal Laplacian, 
see, for instance, Lee and Parker ,34 , and by H9.1|l . Ua = (u^, . . . , uj^) is a solution 
of the system 

Aul + j2A'^< = i<f-' (9.11) 
in Bxg{4:d) for all i and all a, where A — Ag is the Euclidean Laplacian, 

1_ (a- _ "-2 

^2* -2 \^ ^3 4(n- 1)' 



^5 = A% - Tu—T.SgS^^ ) . (9-12) 



and Sg is the scalar curvature of g- We choose i5 > sufficiently small such that 
Sgeom n Bxoi^S) = {xq}- Wc regard the m^'s, and the A"^^s as defined in the 
Euclidean space. Also we assimilate a;o with 0. The uj^'s, see Section |S1 are uni- 
formly bounded in Ci^^{M\Sgeom)- By the De Giorgi-Nash-Moser iterative scheme 
in Sectional it follows that the C°-norm of the m^'s in small neighbourhood of 
dBo{6) are controlled by the L^-norm of the |Zia|'s in annuli like Bo{2S)\Bo{S/2). 
By standard elliptic theory, as developed in Gilbarg and Trudinger we then 
get that for Ts a sufficiently small neighbourhood of 9i?o(<5), 



Bo{2S)\Bo{S/2) 



for all a and i, where C > does not depend on a, \Ua\'^ — X]i('"a)^7 9 e (0, 1). 
Let 

ni= f \Uo.\''dx - (9.14) 

"'So(25)\So(<5/2) 

By H9.13|l . plugging the w^'s in the Pohozaev identity H9.9|l . with il ~ Bo{6), we 
can write that 

/ {x''dkK)^Kdx + [ Ki^K)dx = O {TZi) (9.15) 
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for all a and i, where TZ^ is as in H9.14|l . Combining H9.11|l and H9.15|l . summing 
over i — 1, . . . ,p, we then get that 

, n-2J^ f n^2 ^ f , (9.16) 



= o n: 



s ^ 



for all a, where the A^'s are as in H9.12|l . and 7?.^ is as in ()9.14|l . Integrating by 
parts, we can write with H9.13|l that 



Bo{S) 



f E L ^^^^«dx (9.17) 
p 

2 



\j2 I {x'da'lj)«dx + 0{TZi 



for all a, where 7?,^ is as in (I9.14|l . We can also write that 



E / {x'd,ul,)iulf-'dx 

JBn(S) 

E/ iKfdx + o{ni) 



P 



n-2 



(9.18) 



for all a, where 7?.^ is as in (I9.14() . In particular, plugging H9.17|l and H9.18|) in 
(l^lBjl . it follows that 

E/ A%«dx + \Y. I {x^dkA^WcUidx ^ ^ 

C-tjBo(S) ^^^Jbo(5) (9.19) 

= o ini) 

for all a, where 7?.^ is as in (|9.14|) . By the C^-convergence in (|9.2|) . the S^Ag 's are 
uniformly bounded. Coming back to the manifold, noting that dvg — Lp^ dvg, and 
summing over the x^ in Sgeom, we get with (|9.2|) . (|9.19|l . and L^-concentration in 
Sectional that 



(9.20) 



M , 



for all a, where £5 ^ as (5 — + 0, the first term in the right hand side of 
depends on 5 only by ss , the Aij 's are the components of the limit map A given by 
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(|n3, and 



If we assume that (Al) holds, then either Aij > j^f^S^^g^ij < i(n-i) ^9^v 

in the sense of biUnear forms. In both cases, it follows from (|9.2U|) and L^- 
concentration that there exists C > 0, independent of a and 5, such that 

for aU a, where — > as (5 ^ 0. If we assume that the A{a)'s are cooperative, 
then, by H9.2|l . A is also cooperative. In particular, AijU^^u^^ > for i j, and 
if we assume in addition that (A3) holds, then we get here again that there exists 
C > 0, independent of a and 6, such that H9.21|l holds for all a. The same conclusion 
(|9.21|l holds if we assume (A2) and that —A is, or that the — A(a)'s are, cooperative. 
Taking S > sufficiently small, the contradiction follows from H9.21|l . In particular, 
^O'm H9.10|l , and this ends the proof of the pseudo-compactness part of Theorem 
EH □ 



Proof of compactness. We let the a^^'s and fXa^s be given by t\7A\\ and (|7.5I) in 
Section 13 We let also <5 > small be less than the 5 given by Theorem 17. II Since 
g is conformally flat, there exists a conformal metric g to g such that g is flat 
in Bxoi'iS), where xq is the limit of the cCq's. We let g = ip^/'^"'~'^^ g, where tp is 
smooth, positive, and such that Lp(xo) = 1, and let = for all a and i. 

By conformal invariance of the conformal Laplacian, and by H9.1|l . equation ()9.11f) 
holds in Bxgi'^S) for all a and all i. Namely, 



in Bxf^{A8) for all i and all a, where A = is the Euclidean Laplacian, and the 
A^'s are given by H9.12|l . In what follows we assimilate Xa with € R" (thanks to 
the exponential map at Xa)- We also regard the u^'s, ip, and the 4^ 's in H9.11|l as 
defined in the Euclidean space. Plugging the u^'s in the Pohozaev identity H9.9|l . 
with r2 = Bo(5fia), we get that 

[ (x'^afeOAuJ.dx + ^ / <{AK)dx 

{x'dkul,)d,ulda+l f {x,i^)\Wul^\^da (9.22) 



n-2 



dBoiS^JI^) 
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for all a and i. Combining H9.11|l and (|9.22(l . summing over i — 1, . . . ,p, it follows 
that 



n — 2 -J^ 

1=1 



i<f dx 



n-2 



E 



-Bo(<5v^) 



A'^^iil^uidx 



E/ (x'^dkuMul^da+^Y. [ ix,i^)\Vul\'da 



(9.23) 



2 



E 



u^diyul^da 



for all a. Integrating by parts, 



E 



^1 JBo{S^) 



ix''dkul,){ulf-'dx 



n-2 



(9.24) 



(x,;/)(?ij,)2*(icr , 



JdBoiS^) 



and 



E / ix''dkul,)A'^uidx 
„_i JBnis./ii::) 



p 



?E/ A^«dx-lY. f ix'dkA?,)uluidx (9.25) 

1 ^ 



for all a. By (|9.2() . we can write that 



(x, t^)(uQ)^ da ^ o 



dBo{S^) 



\Ua\'^ da , and 



dBo(s^jr^) 



(x, iy)Af.ul^ui^dx = o 



for all a, i, and j, where |ZYq,|* = J^i I'^al'^- By Theorem 17.11 and the change of 
variables x = JJi^y, we also have that 



\Uo,\''da^OU^'' 

IdBoiS^) ^ 

for all a, and all q = 2, 2*. Hence, 

{x, v){UaY da = o {^iia" ^ 



and 



dBo{S^) 



L 



dBoiS^JI^) 



(x, v)A'^,ff^vP^dx = oifla 



(9.26) 
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for all a, i, and j. By the C^-convergence in H9.2|l . 



ix''dkA'^)ul^uidx = o\ / \Uc.\'dx] (9.27) 



for all a, i, and j. By (pn!^ - (|?n7jl . we then get that 



E 

n - 2 



(x''dkul)d,ulda+l-y2 f {x,,^)\Wulfda (9.28) 

^ 1=1 JdBoiS^) 



E 



y-advul^da 



for all a. In what follows we let TZhs{c^) be the right hand side in (|9.28() . By 
the change of variables x — y/JI^y, by Theorem 17.11 and since we assumed that 
^{xq) = 1, we can write that 



lim ^ Ti-Hsio^) = Ti- , 

a— >+oo 



(9.29) 



where 



p . I ^ r 

7^ = -V/ {x''dkUi)d^u^da + -y^ (a;,j^)|Vu,pdcr 

,^1 JdBoiS) ^ JdBoiS) 



n-2 



(9.30) 



y2 / UiduUida 



and where, for i = 1, . . . ,p, the {t^'s are the limits of the u^'s given by Theorem 
17.11 In particular, 

A 

"*(^) = I |n-2 + ^i(^) (9-31) 



for all i, where Ai > 0, and ipi is harmonic in an open ball Bo{S'), 6' > S. We 
clearly have that Aui = in _Bo((5')\{0}. Applying the Pohozaev identity H9.9|l to 
the Mi's in annuli like Bo{6)\Bo{r), where < r < S, and letting r — > 0, it follows 
that 



n = hm 



V/ (x^ dku^)d^u,da + {x,iy)\Vuifda 



n~2 



E 



UidyUida 



Mr) 



(9.32) 



and by lj^3T|l . we can write with (jO^ that 7^ 



^j<y5i(0), where 



is the volume of the unit (n — l)-sphere. We have that dvg = ip^ dvg. By 
H9.28|l - H9.29|l . and also by H9.2|l . we then get, by coming back to the manifold, that 
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E 



\Uo.?dvg ) = ^^^^ ( 5]A,^,(0) + o(l) ) uj^-iiio.^^ 



(9.33) 



for all a, where the A^'s and LpiS are given by Theorem 17.11 the Ay 's are the 
components of the limit map A given by (|9.2() . o(l) — s- as a — s- +oo, and iOn-i 
is the volume of the unit [n — l)-sphere. Now, if we assume that (Al) holds, then 
either Aij > -^^^-^SgSij or Aij < -^^SgSij in the sense of bilinear forms. In 
both cases, it follows from H9.33|l that there exists C > 0, independent of a, such 
that 



=1 



for all a. When n> 7, ^^^^ > 2 so that fia^ — o (iJ^a) j the contradiction follows 
from H9.34|l and Corollarv l8.1l If we assume that the v4(a)'s are cooperative, then, 
by (|9.2|) . A is also cooperative. In particular, AijU^^u^^ > for i ^ j, and if we 
assume in addition that (A3) holds, then we get here again that there exists C > 0, 
independent of a and S, such that H9.34|l holds for all a. The same conclusion 
1)9.3411 holds if we assume (A2) and that the ~A{ays are cooperative. Here again, 
the contradiction follows from (|9.34|) and Corollary 18 . II when the dimension n > 7. 
In particular, W° ^ and k ~ m H9.10|l . Now we assume that n > 4, that 
(A2) holds, that the — yl(a)'s are cooperative for all a, and that the limit system 
(|9.3|) is fully coupled. By (|9.34|) . since we assumed (A2) and that the — A(a)'s are 
cooperative for all a, there exists C > 0, independent of a, such that 

c[ \U„\^dvg+ ( VA,(p,(0) + o(1) ) cJn-ifJ.^ < (9.35) 

for all a. By the pseudo-compactness we proved above, we also have that lA'^ in 
(I9.1U|I is nonzero when n > 4. Then, by Theorem 17. II since we assumed that the 
— A(a)'s are cooperative for all a and that the limit system (|9.3|l is fully coupled, 
we can write that 'Y7i=i^i'fi{^) > ^^ ^'^d the contradiction follows from H9.35|l . 
This proves the compactness part of Theorem l9.1l □ 

Summarizing, we let {p(a)a be a bounded sequence in Hi p{M) of nontrivial 
nonnegative solutions of H9.1II . We assume that the U^s blow up and, up to a 
subsequence, that the decomposition H9.10|l is true. By the first part of the proof, 
the pseudo-compactness part, if (Al) holds, or (A2) holds and the — A(a)'s are 
cooperative for all a, or (A3) holds and the A(a)'s are cooperative for all a, then 
in H9.10|l is nonzero when n > 4. By the second part of the proof, the compactness 
part, we also get that fc = when the dimension n > 7 if (Al) holds, or (A2) 
holds and the — A(a)'s are cooperative for all a, or (A3) holds and the A{a)'s are 
cooperative for all a. Moreover, when n > 4, still by the second part of the proof, 
if we assume that (A2) holds, that the — yl(Q:)'s are cooperative for all a, and that 
the limit system (I9.3|l is fully coupled, then, we again get that fc = in l|9.10|l . 
Since {Ua)a is arbitrary, this ends the proof of Theorem 19. II □ 
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One more remark with respect to Theorem 19. II is as follows. 

Remark 9.2: We have already mentionned, in Remark 9.1 just before stating 
Theorem 19. II that we cannot get compactness or pseudo-compactness for systems 
like H9.1|) if we only assume (A2) or (A3). In the same spirit, we mention that, 
without further assumptions, we cannot hope as well to get compactness or pseudo- 
compactness with a mix of conditions like (A2) and (A3) on the diagonal of the 
limit matrix A. Let, for instance, {ua)a be a blowing-up sequence of solutions of 
the Yamabe equation on the sphere, and Ua = {ua, Ua,Ua) for all a. Let also A be 
the matrix 

/a b \ 
A^ lb c -d\ , (9.36) 
\0 e J 

where a, &, c, d, e are positive real numbers. If A„ — , hence A„ = Sgg, 

we choose a, 6, c, d, e such that a + b = A„, b + c = d + A„, and e = d + A„. For 
any a, the map Ua is a positive solution of the 3-system 

in S", for all i — 1,2,3, where the A^ 's are the components of the matrix A in 
(|9.36|l . The UaS blow up with a zero (pointwise) limit. It follows that the system 
is not pseudo-compact (and thus, not compact as well). However, by choosing 
d < b sufficiently small, the operator A^^^ + A is coercive. An < A„ for i = 1, 2, and 
^33 > A„. Compactness when we mix conditions like (A2) and (A3) on the diagonal 
is false in general. We get compactness type behaviour under such assumptions 
when the energy of the sequence is of minimal type, see Hebey j2S|j or, of course, 
if we assume that Af^ = for all i j and all a. 

The following easy corollary of Theorem 19.11 shows that the theorem is sharp 
when regarded on the unit sphere. Corollary 19.11 below states that the trivially 
coupled system on the sphere, consisting of p copies of the Yamabe equation, is, 
in some sense, the only system on the sphere which is not compact. Concerning 
notations, we let {S",go) be the unit n-sphere, and A : S'^ ^ Mp{S") be a smooth 
map. We assume that A{x) is positive in the sense of bilinear forms for all a; G 5", 
and for t G R, we define 

At - ""^""^^ /dp + tA , (9.37) 

where I dp is the p x p-identity matrix in (R) . We let Ag be the maximum over 
i = 1, . . . ,p and a; S S*" of the eigenvalues \i{x) of A{x). The operator -I- At 
is coercive for all t in the interval Iq — (—A, -l-oo), where 4AoA = —n{n — 2). For 
t £ Iq — (—A, +oo), where 4AoA = ~n{n — 2), we consider the systems 

p 

Agu, + Y,Alj{x)uj = \u,f-\^ (9.38) 

in M, for alH = 1, . . .p, where the Ajj's are the components of At, and At is given by 
(|9.37ll . Corollarv l9 . II isolates the trivially coupled system on the sphere as the only 
system for which pseudo-compactness or compactness fails in families of systems 
like (|9.38|) , providing an illustration that blow-up phenomena and noncompactness 
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occur only with the geometric equation (in the case of the sphere) , or perturbations 
of the geometric equation (by ProDOsition l9.1|l . 

Corollary 9.1. Let (5", go) be the unit n-sphere, and A : S" Mp{S") be a 
smooth map such that A(x) is positive in the sense of bilinear forms for all x Cz 5". 
For any t S /o\{0}, where /q = (—A, +oo) is as above, the system 19. Sf^) is pseudo- 
compact when n > A, and compact when n > 7. On the other hand, when t — 0, 
liy.!^8\) is neither compact nor pseudo- compact. In particular, the trivially coupled 
system 1^9. 3 8\) when t = 0, corresponding to p-copies of the Yamabe equation on 
the sphere, is the only system in the family \9.S^) . t > —A, which is not compact, 
respectively not pseudo-compact (depending on whether n > 4 or n > 7). 

Pseudo-compactness and compactness in the corollary follow from Theorem 19. II 
Since we assumed that A{x) is positive in the sense of bilinear forms for all a; e 5", 
(Al) holds for the At^s when t ^ and we can apply the theorem. On the other 
hand, that H9.38|l is neither compact nor pseudo-compact when t = follows from 
the observation that H9.38|l when t = consists of p-copies of the Yamabe equation 
on the sphere which, as is well known, possesses sequences of solutions which blow 
up with one bubble and a zero (pointwise) limit in their Sobolev decomposition. 

Acknowledgements: The author is indebted to Olivier Druet and Frederic Robert 
for their valuable comments on the manuscript. 
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